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Abstract 

We consider two important families of _BCn-symmetric polynomials, namely Okounkov’s interpolation 
polynomials and Koornwinder’s orthogonal polynomials. We give a family of difference equations satisfied 
by the former, as well as generalizations of the branching rule and Fieri identity, leading to a number of 
multivariate (/-analogues of classical hypergeometric transformations. For the latter, we give new proofs 
of Macdonald’s conjectures, as well as new identities, including an inverse binomial formula and several 
branching rule and connection coefficient identities. We also derive families of ordinary symmetric functions 
that reduce to the interpolation and Koornwinder polynomials upon appropriate specialization. As an 
application, we consider a number of new integral conjectures associated to classical symmetric spaces. 
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1 Introduction 


In the theory of multivariate orthogonal polynomials, the family of Koornwinder polynomials m has special 
significance, reducing to the Askey-Wilson polynomials pp in the univariate case, as well as to the Macdonald 
polynomials for the classical root systems in appropriate limits | 2h| . In the present work, we prove a number of 
new results on these polynomials, as well as giving new proofs of Macdonald’s “conjectures” for these polynomials 
(originally proved in (23 ES). 

The proofs in the literature of the Macdonald conjectures involve heavy use of “double affine Hecke algebra” 
machinery, and are thus rather far removed from the standard treatment of the Askey-Wilson case. In contrast, 
we will be taking a more classical approach; just as Askey-Wilson polynomials are naturally represented and 
studied as hypergeometric polynomials, we take as our starting point the multivariate analogue of this represen¬ 
tation, namely Okounkov’s “binomial formula” cni To be precise, we define Koornwinder polynomials via the 
binomial formula (or, equivalently, via the “evaluation” and “duality” portions of the Macdonald conjectures, 
together called “evaluation symmetry” below), and show that the resulting polynomials are orthogonal with 
respect to both the Koornwinder E! and multivariate g-Racah m inner products. In addition to the new 
results on Koornwinder polynomials that this approach allows us to prove, we will see in a follow-up paper 
ini that the hypergeometric approach generalizes to the case of elliptic hypergeometric functions, including an 
elliptic analogue (biorthogonal abelian functions) of Koornwinder polynomials. (The elliptic case is also treated 
in using a combination of difference and (contour) integral operators.) 

The binomial formula expands Koornwinder polynomials in terms of Okounkov’s BCn-symmetric interpo¬ 
lation polynomials [SI, which we must therefore study first. Our treatment of these polynomials is based on 
a certain family of commuting g-difference operators; the joint eigenfunctions g, t, s) satisfy the “extra 

vanishing property” 


:= "s-q,t,s)=0 X <;t fi, 


*(n) 


(I.l) 


and thus agree with Okounkov’s polynomials, up to rescaling. The resulting difference equations lead to a new 
proof of the branching rule for interpolation polynomials; more generally, we obtain a “bulk” version of the 
branching rule (in which some of the variables are set to v, tv, Pv,.. Analogously, we also obtain a bulk Fieri 
identity, containing both the known e-type Fieri identity and a new g-type Fieri identity as special cases. One 
important consequence of these bulk identities is a formula for connection coefhcients between interpolation 
polynomials for different values of s. 

One of the interpolation polynomials in the binomial formula shows up as a “binomial coefficient”: 


■Ai p;^^\x-,q,t,sP--) ^ 

p\q,t,s P()^”^(g;g,t,sti-") 

If we evaluate the bulk Fieri identity at a partition, the resulting sum can be expressed in terms of binomial 
coefficients, and turns out to be a multivariate g-analogue of the Saalschiitz summation formula for a 3 P 2 
hypergeometric series. The symmetries of this generalized g-Saalschiitz formula lead to a formula for the 


2 





inverse of the matrix of binomial coefficients, as well as the duality symmetry 


'A 


'X' 

P. 

q,t,s 

p'. 


t,q,l/y/^s 


(1.3) 


Furthermore, the formula is general enough that a number of arguments 0 Chapter 2] lift from the univariate 
case; in particular, we obtain a multivariate analogue of Watson’s transformation between a very-well-poised, 
terminating and a balanced, terminating 

As we mentioned, we take evaluation symmetry as the defining property of Koornwinder polynomials; this 
then immediately implies a version of Okounkov’s binomial formula. Applying the difference equations to the 
interpolation polynomials in this formula gives a number of new identities, notably special cases of branching 
rules and connection coefficients. Moreover, we find that the corresponding difference operators act nicely on 
Koornwinder polynomials, and have nice adjoints with respect to the Koornwinder inner product; these facts 
combine to show that our Koornwinder polynomials are orthogonal with respect to the correct inner product, 
and thus the Koornwinder polynomials as usually defined satisfy evaluation symmetry. A different approach 
works in the g-Racah case; here, our generalized hypergeometric transformations can be used to directly lift 
the univariate proof 13 Section 7.2]. Other consequences of our theory include an inverse to the binomial 
formula (expanding an interpolation polynomial in Koornwinder polynomials), a connection coefficient formula 
for Koornwinder polynomials, and a generalization of the Nasrallah-Rahman integral representation of a very- 
well-poised 8^7 13 Section 6.3]. 

Most of the formulas alluded to above are expressed in terms of ordinary Macdonald polynomials; more 
precisely, in terms of principal specializations of skew Macdonald polynomials. This suggests that there may be 
further connections between interpolation polynomials and ordinary symmetric functions. Indeed, it turns out 
that there are two four-parameter families of symmetric functions that reduce to the three-parameter family of 
interpolation polynomials upon appropriate specialization. Similarly, via the binomial formula, one obtains two 
seven-parameter families that reduce to Koornwinder polynomials. In addition to some curious symmetries of 
these lifted Koornwinder polynomials, having no counterparts for integer n, we also obtain a refinement of the 
fact that the leading terms of interpolation and Koornwinder polynomials are Macdonald polynomials, namely 
that the RC^-symmetric polynomials can be expressed in the triangular form 


X] (1.4) 

mca 

We also consider the limit n ^ oo of the n-variable Koornwinder polynomials. 

As an application of our results, we consider a pair of “vanishing conjectures”. These are analogues for 
Macdonald polynomials of the fact that the integral of a Schur function over the orthogonal (or symplectic) 
group vanishes unless the corresponding irreducible representation of U(n) has a vector fixed by the orthogonal 
group. More precisely, we conjecture that the integral of P\{; q, t) over a suitable Koornwinder weight vanishes 
unless all parts of A are even; dually, the integral over a different Koornwinder weight vanishes unless all parts 
of A' are even. In addition to the Schur case q = t,we can prove a several other special cases, most notably that 

^ A number of symmetries of Koornwinder polynomials have been called “duality” in the literature; in the present work, we reserve 
the term for the symmetry under conjugation of partitions, e.g., the action of Macdonald’s involution on symmetric functions. 
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the first conjecture holds if either Ai < 4 or t'(A) < 1. The latter case involves a quadratic transformation of 
basic hypergeometric series, and thus our conjectures can be interpreted as multivariate analogues of quadratic 
transformations. We also give a number of analogous conjectures related to other classical symmetric spaces, 
obtained by various ad hoc methods. (In fact, most of the conjectures of section^have since been proved; see 
m More precisely, that paper proves Conjectures mu and m using (single) affine Hecke algebra techniques; 
Conjectures m and m are not amenable to that approach, but are equivalent to Conjectures m and [7| as shown 
below.) 

The paper is organized as follows. Section m introduces the notations for partitions and (ordinary) Mac¬ 
donald polynomials we will need below (for basic hypergeometric series, see [7]); as well as proving a few 
transformation results for principal specializations of skew Macdonald polynomials. We then introduce the 
interpolation polynomials in Section m proving their main properties; then Section m treats the corresponding 
hypergeometric transformations. Section 0 introduces Koornwinder polynomials and proves the main results 
discussed above (in particular, the Macdonald conjectures). Sections 0 and [7| then consider the corresponding 
families of symmetric functions, with special attention to the case n ^ oo of lifted Koornwinder polynomials. 
Finally, Section m states the various vanishing conjectures, and proves the known special cases. 

Acknowledgements 

Throughout this work, Peter Forrester has been a very helpful sounding board and guide to the literature; many 
thanks are thus due. Appreciation is also due to the organizers of the conference on Applications of Macdonald 
Polynomials at the Newton Institute in April 2001, which is where the idea of looking for vanishing integrals 
like those of Section m first arose. 

2 Notation 

For partitions and Macdonald polynomials, we use the notations of ca, Chapters I and VI, supplemented 
as follows. First, we will denote the number of parts of A by ^(A) (being somewhat clearer than A(). Next, 
we extend the dominance partial order < to partitions not of the same size in the obvious way; note that 
conjugation is no longer order-reversing (311 > 22, even though both partitions are self-conjugate). We also 
define relations and such that k ^ X (equivalently X>- k) for two partitions iff A/k is a vertical strip; that 
is. Hi < Xi < Ki + 1 for all i. We also introduce some transformations of partitions. For a partition A, we define 
partitions 2A and A^ by (2A)i = 2Xi, (X^)i = X\^i/ 2 \ ■ Finally, if £(A) < n, m" -I- A denotes the partition such that 
(m" -I- A)i = m -|- Xi; if also Ai < m, m” — A denotes the partition such that (to" — X)i = m — A„+i_j. Note 
that (to" — A)' = n™ — A'. 

The ring A of symmetric functions will, unless otherwise noted, have coefficients in F = Q{q,t); we also 
consider the completion A with respect to the natural grading (i.e., a sequence A ^ 0 iff the degree of the 
lowest degree term of fk tends to oo). There are thus three natural types of basis: homogeneous bases, 
inhomogeneous bases of A, and inhomogeneous bases of A'. In the latter two cases, we require that the leading 
terms (the nonzero homogeneous components of largest/smallest degree) form a homogeneous basis. If the 
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polynomials f\ form a basis, we write [fx\g for the coefficient of fx in the expansion of g in terms of that basis; 
this notation is mildly abusive, but the specific basis meant should always be clear. A similar notation applies 
to SCn-symmetric polynomials. We will also need a notation for plethystic substitution in symmetric functions; 
if Ck is a sequence of elements of some F-algebra and / G A, then f{[ck]) denotes the image of / under the 
homomorphism Pk Ck- 

The formulas in the sequel will frequently involve products of the form 

n ( 2 . 1 ) 

where {i,j) G A means that 1 < * and 1 < j < A'. We will also have frequent recourse to g-symbols, 

(a; <?)«:= n (1-0- (2-2) 

0<i<n 

If n is omitted, the product is over all i > 0; also, {xi,X 2 , ■ ■ ■Xm\g)n '■= ni<i<m(^d ?)»• (A number of useful 
g-symbol identities are given in [TJ Appendix I].) The following identity will be useful: 


Lemma 2.1. Let a, b, c, d, e be arbitrary quantities. Then 


(ij)GA 


for any I > i(X). If \b\ < 1, then 


(io)GA 


{a^^bc‘d^e;b) {a^'b^^+'^c^-^d^e;b) 


{{ab)^ib(cdye;b) -*-1 (a^^b^i+^c^d^e;b) ’ 

l<i<l ^ \ J J ' 


while if \b\ > 1, then 




bj)GA 


(a^^c^d^e\b i) [a^'b^idi ^d'^e;b i) 

l<i<Z ^ ’ ’ \<i<3<l ^ ’ 


In particular, 


n (l-&^d*e)= n ibd^^-b)x, 

1<Z</ 

l<i<l 

Proof We find 

(*j)eA 

= n n 

l<i<k<l l<j<Xi 

\' — L. 


(2.3) 

(2.4) 

(2.5) 

( 2 . 6 ) 

(2.7) 

( 2 . 8 ) 

(2.9) 

( 2 . 10 ) 
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( 2 . 11 ) 


= n n i^-a^^b^c^'^d^e) 

l<i<k<l \k+i<j<\k 

= n (2.12) 

l<i<k<l 

= n (a^^6^'“+^+'c'=(i*e;&)A,-A.+,. (2.13) 


If |6| < 1, then 


n (a>^6A.+i+Vd*e;&)A,-A,+, 

1<*<J<^ 


n 

i<i<j<l 


(a^“ 6^3+i+icJd*e; 6) 


-pr {a^'bc'-d}e]b) Y{l<^<J<l{a^'b^i+^+'^cH'^e■,b) 

{a^ib>'i+'^{cdye-,b) ni<*<i<i( a^i b^i+^c^d^e; b) 

-pr {a^^byd^e-b) -pr Y{l<^<,<l{a^^b^i+^cl-H'■e■b) 

(a^‘^^‘+Hcd)*e;&) Y{i<i<j<M^^b>'o+^c3d^e]b) 


(2.14) 

(2.15) 

(2.16) 


and similarly if |6| > 1. 


□ 


Remark. This is essentially the argument used in section VI.6 of Macdonald for the special case a = q, b = 1/q, 
c = t, d = 1/t. 

Three special cases are of particular importance; we define 


C+{x;q,t) := n [1 - 

(2.17) 

(id) 6 A 


-pr iq^H^-^-^x;q) -pr x; q) 

i<i</ iq‘^^'P~‘^"x;q) {q^i+^H‘^-^-^x;q)’ 

(2.18) 

Cy{x;q,t):= n {l-q^^-^tP^-'x) 

(2.19) 

(i.l)6A 


TT {x;q) -pr iq^^-^H^-^x;q) 

i<4/ 9) iq^^-^Hi-^-^x;qy 

(2.20) 

Cx{x;q,t):= {l-q^~h^~"x) 

(2.21) 



= n (^^”*a;;(7)A,. 

(2.22) 

1<2<Z 



Thus, for instance, we have the following expressions for standard Macdonald polynomial quantities in this 
notation. 


b\{q,t) 


Pxi 


1 - 




{Px.PxYn 


Cx (t; q, t) 
c'a (<?; 9, t) 

cy (t; q, t) 

Ct{t^]q,t)Cy iq]q,t) 
C'^{qt^-^;q,t)Cy{t;q,t)' 


(2.23) 

(2.24) 

(2.25) 
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Again, by convention, multiple arguments before the semicolon indicate a product; e.g., 


c'a (a:, y; q, t) = Ca (a^; ^)C'a (y; 0- 

We list some useful transformations of these quantities. 

Lemma 2.2. For any partition A, 

C'+(l/:r;l/9,lA) = g, t) 

C0(l/x;lA,lA) = (-l/x)l^lr(^)g-"(^')C'0(x;(7,t) 


Lemma 2.3. For any partition A, 

C'i (a;; q, t) = {qtx; 1/t, 1/q) 

c'a' (a^; = c'a (a;; t, q) 

Cy{x-,q,t) = C^{x; 1/t, 1/q) 


Lemma 2.4. For any integers m,n> 0 and partition A with l{\) < n, 


C+,.+^{x-,q,t) C/i{q^-^t^-^x;q,t)Ctiq^^x;q,t) 

C'An(x;(7,t) Cl{q'^F-^x-,q,t) 

C~„_^_^ix;q,t) _ C°^{q"^t’^-^x;q,t)C//{x;q,t) 


Cm^ (x, q, t) 
C'A" {x;q,t) 


CA<” ^X]q,t) 


= Cliq""x;q,t). 


Lemma 2.5. For any integers m,n > 0 and partition A C m", 

CAn_^(x; q, t) C'+(A'"”A-2"+3a;; 1/q, l/t)Cl{q^-H^-'^'^x, q^^-H^-^x; 1/q, 1/t) 
C+„ix-,q,t) C2V(A'"-ii"-2"x;lA,lA) 

C~„^_^(x;q,t) ^ _ Ca (a^; 0 _ 

C-n (x; q, t) Cl(t^-^x; q, t)Cl{q^-^x; 1/q, 1/t) 

cA"-A(a^;g^^) ^_ I _ 

C^r,ix;q,t) C°{q"^-H^-^x;l/q,l/t) 

Lemma 2.6. For any partition \, 


Ct\{x-,q,t) = C//{x,qx-,q^,t) 
CA(a;; q, t) = C// (x, xq; q^,t) 

CA ix;q,t) =C*/ix,xq;q^,t) 

C ^2 (x; q, t) = C'A (x/t, x/A; q, A) 
CA (a;; q, t) = C// (x, xt; q, A) 

cA(a;;gA) = cAx,xA;<?, A) 


(2.26) 


(2.27) 

(2.28) 
(2.29) 


(2.30) 

(2.31) 

(2.32) 


(2.33) 

(2.34) 

(2.35) 


(2.36) 

(2.37) 

(2.38) 


(2.39) 

(2.40) 

(2.41) 

(2.42) 

(2.43) 

(2.44) 
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We will also need analogous results for principal specializations of skew Macdonald polynomials. 


Lemma 2.7. For any partitions k C X, 

n _ 

Px/k{ ^ ;i 


,,,, ri — v^' 




Let m,n> 0 be integers. If i{X) < n, then 


;gA) 

(2.45) 


(2.46) 

i-ffc J 

1-1 

1 1 

1_j 

(2.47) 


If also Ai < TO, t/ien 


^ 1 J; g-0 - (gA) cAg-™;g,t)co(gi-™A; g, t)Uq, t) ^ A i - 

Proof. The first two transformations are straightforward. For the third transformation, we claim that in fact 

Pim«+X)/im«+.){;q,t) - ^n. t)Cl{q'^t^, qt^-^;q, t) 

It suffices to compare coefficients of P^(;(7, t) for £{fj,) < n. We have 

[A* (’g’^)] A™"+A)/(m”+K) (’g’“ [Qm^+A (; g) t)] (Q/J (; g, t)Qm>»+K(; g) t)) (2-50 

_ {Pm"+\{: g; t), Qfi{', g, t)Qm"+K,i'j g; A)k ^2 

(Ati"+A (; q^f)i Qm”+A (j g; A)n 

/ gt”"^; g, t) \ (A\(; g, Q/x(; g, AQ«(; g> A)n 


xlA/«| C'Ag "';gA)gAg^ "'/t;q,t)bx{q,t) ^ Jl- 


A^vA[y37tJ;9A). (2.48) 


VC'Ag’”+l^"-^ t"; g, t)Cl{q^t'-, g, t) / (Pa(; g, t), Qa(; g, t))) 

( 

CAg-+A"-\f";g,t)CAg"^^Ag^"~^gA) xp X ,xx„ X. ,x , 

CAg™+H”"\t";g,t)C'Ag'”i",gi””^gA) 

Similarly, 

p i..7 ^1 r7/piA/«| C'Ag~"';gA)gAg^~'"A;gA)A(g,t) p x x , 

P(m^-.)/{ra^-X){.q,t) {q/t) CAg"’”; g, A^Agl-™ Ai g A)&4g A) ^ ^ ’ 

and thus the fourth claim follows. 

Corollary 2.8. For any integers m,n>0 and partition A with £(X) < n, A„ > to, 

p,, „(r(i_„A/(l-A)l-gt)= hm (^A g^"-VQ; g, t)Cl{qt-\u/Q; g, t) 

A/m Ut >/\ dig) / _ /mO /TO. „ ^^TO0/„+n-l /TO. „ +\r<-(4..„ 


(2.54) 

□ 


Similarly, if X C to" 


C^n{qt^-^, u/Q; q,t)C^{qt’^-^/Q; q,t)C^ {t;q,t) 


P^n/A[(l-»A/(1-A)];g,t) f"(^)(g/u)I^ICA^":g~"^;gA) 

Pm" ([(1 - u'^)/(1 - ^'')]; g, A C)^(g; g, t)Cl{t'^-^q^-^/u; g, t) 



3 Interpolation polynomials 


We define a (( 7 -)difference operator D‘'^\ui,U 2 ] q,t) acting on as follows: 

Definition 1. The operator {ui,U 2 ] q,t) acts by: 

{ui,U 2 ; q, t)f){xi,X 2 , ...Xn) = 


(3.1) 


jj- (1 — uix^'){l — U2x1') 




(7G{±1}’^ l<i<n 




Remark. This is one of the difference operators associated to the BCjC Macdonald polynomials; in particular, 
for each ui, U 2 , the eigenfunctions of D^^\ui,U 2 ;q,t) are the Koornwinder polynomials 


(; q, U 2 , U 2 y/q). 


(3.2) 


See also Lemma 15.61 below. 

Now, consider the ring F[s, with basis of the form s^m\(x) for k € Z and A a partition (where 

mx{x) is the orbit sum of 2 :^*); we extend the dominance ordering to such “monomials” by taking 


{k,\)>(l,y) 

when X > fJ,, \l — k\ < |A| — |/r|. Now, define a difference operator D^r\u]q,t) by: 

{D'f‘\u;q,t)f){xi,X 2 , ...Xn;s) = (s, u/s; q, t)f (xi,X2, ■■■ Xn; s^), 

thus acting on s in addition to the x variables. 


(3.3) 


(3.4) 


Lemma 3.1. The operator D^s^\u;q,t) gives a well-defined operator on F[s, and acts on mono¬ 

mials triangularly with respect to the dominance ordering. In particular, 


with 


Proof. Since 


q,t).s^m\ = q^^"^E^^\u',q,t).s^m\ + dominated terms, 


(3.5) 

(3.6) 


l< 2 <n 


D(-) {u; q, t)s'^f = q^/^s'^D^:^ {u; q, t)f, (3.7) 

it suffices to consider the case fc = 0. If we multiply Di^\u; q,t)m\ by the i3C„-antisymmetric product 

(Xt-l/xi) {Xi-\-l/x^ - Xj - l/xj), (3.8) 

l<2<n 

the result is manifestly a polynomial; moreover, we can use the symmetry of m\ to write it as 

E (n aiRxfiai)^ F{u; xi, X 2 ■ - .Xn, s)mx{^xi, x/qX 2 ,... x/qxn] x/qs), (3.9) 

crG{±l}^ l<z<n 
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where are the homomorphisms such that = Xj, = x^^, and where is a Laurent 

polynomial in the ring 

F[u,s, 1/s] [xf(3.10) 
Moreover, the monomials of F are all dominated by the monomial 

XiX2~^ ■ ■ ■Xn-\ -, (3.11) 

and thus the monomials of Fm\ are dominated by 

+ • • • . (3.12) 

i 

Since the operators Y\iRxi{o'i) form a normal subgroup of BCn-, the resulting sum is i3C„-antisymmetric, 
and we may thus divide back out the factor lESl), to obtain a BCn-symmetric polynomial dominated by m\. 
For the leading coefficient, we compute: 

[Y\_xr^'^~^^~''’Wiu]Xi,X2,...Xn;s) = (-1)'^ II (3-13) 

i l<i<n:(7i — l 

and thus 

jn^A.+n+i-,j ^ [Y[ aM^^))Fmx= (-ir( n n (3.14) 

i (7G{±1}’^ l<i<n (TG{il}’^ l<i<n l<i<n:(7i — l 

= q-\M/2 J| (3.15) 

l<i<n 

as required. □ 

Note that for generic u, the diagonal coefficients are all distinct, and thus for each {k, A), there is a unique 
eigenfunction of (u; q, t) of the form s^toa + dominated terms; clearly multiplying such an eigenfunction by 
yields another eigenfunction. It turns out that these eigenfunctions are independent of u, and are essentially 
just the BC-type interpolation polynomials of Okounkov nni Given a polynomial p G F(s)[x)'"^]^‘"”, we define 
p{p;s) :=p{qi^'F-\s;s). 

Theorem 3.2. The following three facts hold for all partitions A. 

a. The operators Di^\u]q,t) for different u commute on the monomials dominated by m\, and thus have a 
common eigenfunction s'^s) for each leading monomial s^m^^ dominated by m\. 

b. For any partition p, s) = 0 unless X C p. 

c. Pl^^\x-,s)^0. 

Proof. First, fix a partition A, and suppose that (a) holds for A. Then we claim that (6) and (c) hold as well. 
Indeed, let p be any partition different from A; in particular, fix I such that pi A;. By inspection of the 
eigenvalues, the operator 

DM{f--q-^^;q^t) (3.16) 
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annihilates 


on the other hand, we compute 


(3.17) 


for some coefficients the terms not corresponding to partitions vanish, since then either (t„ = — 1, = 0, 

and thus (1 — s/xn) = 0, or Ui = —1, <Ti+i = 1, Vi = Vi+i, and thus (1 — txi+i/xi) = 0. Moreover, we compute 


C, 


m/a* 


n 

l<'i<n 


(1 - 

^ _ q2fii — ljp.n—2ig2 


n 




I _ gMi+Mj-1^2n-i-j+lg2 

1 _ g2 


^0 


(3.18) 


In other words, we can expand P^^"^(/r;s) in terms of the values (;/; s) for C p,. By induction, we 
find that P^^”^(^; s) = 0 whenever /i does not contain A, thus proving (6). Furthermore, if P^^"^(A; s) = 0, the 
induction would then prove P^^"'^(/r; s) = 0 for all impossible since yf 0; we thus have (c) as well. 

Now, suppose that (a) (and thus (b) and (c)) holds for all /i < A. In particular, it follows that the operators 
Di^\u]q,t) commute on the space of polynomials strictly dominated by m\, and it will thus suffice to show 
that they commute on m\. Let /(x;s) be the unique PC„-symmetric polynomial with coefficients in F(s) of 
the form 

/(x;s) = mx{x) + ^ cx^{s)P*^"\x; s) (3.19) 

/i<A 

such that /(/i;s) = 0 for /i < A; the resulting equations for cx^^s) are triangular with nonzero diagonal, by 
claims (6) and (c). 

Extend the action of D^P\u]q,t) to polynomials with coefficients in k{s) in the obvious way. The same 
inner induction as before proves 

{Di^\u;q,t)f){fi;s)=0 (3.20) 

whenever /r < A; it follows that (u; q, t)f is proportional to /, and by comparing leading monomials, that: 


(m; q,t)f = (m; q, t)f. 


(3.21) 


We conclude that 


D^r\u]q,t)D^J^\v]q,t)mx = D^p\u]q,t)D^p\v]q,t){f - ^ ca^(s)P;)^”^) 

m<a 

= E‘'^\u;q,t)E‘'^\v;q,t)f - (^>^ri(l^)EjPHu-,q,t)Ejp\v;q,t)P*'^^'> 

/i<A 

= Dlp\v]q,t)Dlp\u;q,t)mx, 

as required. 


(3.22) 

(3.23) 

(3.24) 
□ 


In the sequel, we will write the common eigenfunctions of Di^\u;q,t) as g, t, s), and refer to them 

as interpolation polynomials. 

Remark. In particular, it follows that these polynomials agree up to a factor in F(s) and a shifting of the 
arguments with the interpolation polynomials of m It was shown there that the interpolation polynomials 
are not common eigenfunctions of any rational difference operators in a;i... a;„; the loophole, of course, is that 
our operators also act on s. 
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Remark. The interpolation polynomials are, naturally, independent of the choice of square root of q used to 
dehne the proof shows them to be characterized by the triangularity and vanishing properties, 

neither of which depends on that choice. 

Corollary 3.3. The operators {ui,U 2 ', q,t) satisfy the quasi-commutation relation 


y/qu 2 ] q, t)D^^^ {^/qui, U 3 ; q, t) = q, t)D'^'^\^ui,U 2 \q, t) 

Proof. For any function / G we have: 


(3.25) 


{u; q,t)D^'^> {v; q,t)f){xi, X2,.. . Xn, s) = {D^'^>{s,u/s;q,t)D'''^>{s^, ——;q,t)f){xi,X2, ...Xn;sq); 


■ = m(") 




as this must be symmetric in u and v, the corrolary follows. 

Corollary 3.4. The interpolation polynomials satisfy the difference equation 


(3.26) 

□ 


*( n (1-9^*^" *M)jP*^"''(xi,a; 2 ,...a;„;g,t,s) = 

l<'i<n 


E n 

o'G{± 1 }’^ l<i<n 


^•t"-*M)jP*^"^( 
(l-s<*)(l-u<7s) 


JJ- (1 txfXj^) 




(3.27) 

(a:ig'^"^^, X2q'’‘^l'^ ■.. g, t, s^) 


Two limiting cases of the theorem are of special interest. First, we find that the limit 


Pl^'^\xi;q,t) = lim s Pl^'^\xiS; q,t, s) 


(3.28) 


is well-defined, and produces an ordinary symmetric polynomial vanishing when Xi = qU-nn-i ^ 
thus recover the symmetric version of the shifted Macdonald polynomials. In this limit, our difference operators 
converge to those of Knop and Sahi nniEi]. In particular, we see immediately that the shifted Macdonald 
polynomials are limits of PC/C-type Macdonald polynomials in multiple ways as they are eigenfunctions of 
limiting versions of {ui, U 2 ', q, t); the action on s becomes trivial in the limit. Similarly, the “leading term” 
limit 

lim a“l'^lpf^"^(axi;g,t, s) (3.29) 

a—*00 

satisfies the difference equation of the ordinary Macdonald polynomials, and thus 

lim a~^^^Pl^'^\ax^■q,t,s)=Px{xi;q,t). (3.30) 

a—»-oo 

We will prove a refinement of this fact in Theorem 16.161 below. 

We will now recall some basic properties of the interpolation polynomials. First, some symmetries: 


Lemma 3.5. m The interpolation polynomials satisfy the identities 


P 


*(n) 


{xi,. ..Xn]q,t,s) = P)(^"^(a;i,.. .x„; 1/g, 1/t, 1/s) 


^(_l)|A|p*(n)(_^^, 


- Xn;q,t,-s) 


(3.31) 

(3.32) 


for all partitions X. 
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Next, identities for shrinking the dimension or the indexing partition: 


Lemma 3.6. m For any partition 


P. 


a: s st j 9, st™) A„+i = 0 

OL^ . . . OL — 


0 


An+1 > 0 


(3.33) 


and 


P^nlx{xi,X 2 ■ ■ ■x„;q,t,s) = {xi + l/x^-q^ - q^ ^/s)Pp''\xi,X 2 , ■ ■ ■Xn;q,t,sq'^). (3.34) 

Proof. In each case, both sides are monic, triangular, and vanish on the appropriate partitions, so must be the 


same. 


□ 


The next corollary then follows by induction. 

Corollary 3.7. We have the normalization 

P*^'^\x-q,t,s) = (<zr-is)-l^lr(^)g-^'‘(^V;:(g;g,t)C'+(t2"-2s2;g,t) (3.35) 

Remark 1. In particular, we have: 

P*x^'^\x]q,t,s) = (r"^s)"I^I.P*^”^(a;it""*s;q,t,s), (3.36) 

where is Okounkov’s interpolation polynomial in n variables; this also follows by comparing leading terms. 

Remark 2. If we compute p*^"^ by solving the appropriate triangular system of equations, we find that the 
denominators of the coefficients of P**-"^ must divide the determinant of the system, i.e. 

Y[P<’^\yi;q,t,s). (3.37) 

/x<A 

Since the coefficients of P*^"^ are in F[s, 1/s], we conclude that the only possible denominator factors are q, t, 
s, and (1 — q^P) for i,j > 0. 

We also note the following special case of the difference equation; this is of interest because the difference 
operator involved is independent of s. 

Corollary 3.8. The interpolation polynomials satisfy the difference equation 


E n 


Xi 


(a _ \ J- X (A - X ^ 

aG{±l}’^ l<i<n ^ ^ l<i<3<n ^ ^ 


n (l txfXj^) ^ <2 rj2l2 a^ll. , \ 


* J 

-|A|/2 ^ni<i<„(l - {xi,X 2 , ...Xn^q, t, Sx/q) A = 1" + /i. 


(3.38) 


otherwise. 

Proof. Take u = 1 in the full difference equation, then divide both sides by Y[i<i<ni^i + l/xi — s — 1/s). □ 
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The branching rule for interpolation polynomials extends to the following “bulk” branching rule. 


Theorem 3.9. We have 


‘^v, .. .V]q,t, s) = ^ q,t, st‘^)P*^‘^\xi,X 2 , ■ ■ ■ x^, q,t, s), 


fiCX 


where 


u'; q, t, s) t)Cl{t/sv'- 1/g! l/t) 


Cl{s/v\ q, t)C^{t/sv'; 1/q, l/t) 


yk _ ylk^ 


l-P 


;q,t) 


(3.39) 

(3.40) 


Proof. Apply the difference equation with u = vs. The only terms that contribute are those with Cn+i = 1 for 
1 < * < m, in which case the difference operator simplifies to an n-dimensional operator. We thus find 


^-|A|/2 


q J| {1-q^H 

l<z<n+m 


AiJ.n+m—z \ p’t'(n+m) 


vs)P:^^^^>iixi),{t^-^v);q,t,.s) = 


n (1 - s; q, t)p;^^^^\{x,), (r-^uV^); q, t, s^). 

n<2<n+m 

Now, we have an expansion of the form 

Pt^"''^"'\xi,v;q,t,s) = cx^{v,q,t,s)P/''^\xf,q,t,s), 

fi<X 

with unknown coefficients cx^,, since the interpolation polynomials are monic and triangular. As 

l<2<n 


(3.41) 


(3.42) 


(3.43) 


vs)cxf,iv;q,t,s) = q (1 - ^vs)cxt,iv^;q,t,sy^), (3.44) 

l<z<n+m 


we can substitute this expansion into iTCTTl . and compare coefficients of P/^'^\xi] q, t, s). We thus find 

g-|A|/2 Yl il-q^'e+^-^vs)cx^.iv;q,t,s)^n-M/^ 
l<i<n+m 

and by symmetry {v l/(t™“^u)), 

q-\M/2 il-q^H-+^-\s/v)cx^.iv,q,t,s)=q-'>^'^^ H (1-9'^^^”+'”* V^)ca;.(^/V9; 9, (3-45) 

l<z<n+m l<2<n+m 

Solving these difference equations gives 


cx^,iv]q,t,s) = cxy.iq,t) 




(3.46) 


where Cx^tiq^ t) is independent of s and v. This remaining factor is then determined by the Macdonald polynomial 
limit; we find that 

c\f,{q, t) = lim u"l^l+l'"lcA;,(u; g, t, s) = Px/ii{l, t,... t"^~^;q, t), (3.47) 

V —>-oo 

as required. □ 
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Corollary 3.10. m We have 


. ■ .Xr,,v,q,t,a) = ^ ip‘'^l^{v;q,t,sr)P*^^\xi,X 2 , ■.. x„; q,t, s), 

Mn + 1=0 


where 


n i.'v + ^/v-q’ Vs) 


Corollary 3.11. For any partition A and integer n > ^(A), 


PV" xt^-'^s, ...xs-q, t, s) = — 




(3.48) 


(3.49) 


(3.50) 


Cm (^; 9. t) 

Remark. Equivalently, this gives a formula for evaluating Okounkov’s original version of the interpolation 
polynomials at a constant. 

The bulk branching rule also implies the following connection coefficient result. 

Theorem 3.12. For any partitions A, p,, 

t s)lP*^"V'a t s') = ^<l,t)C^{t /ss;l/g, 1/t) ( C ~s i /g 

Proof. Both sides are rational in q, t, s, s', so it suffices to prove this under the assumption s' = st"* for some 
integer m > 0. Then by Lemma |^S1 and the bulk branching rule, 


Pyf \xi,...Xn]q,t,st'''') = Pyf '{xi,...Xn,s,st,sr,...sf'' ]q,t,s) 

fidX 

^{fL)Kn 


(3.52) 

(3.53) 


The theorem follows immediately. 


□ 


Remark. If we expand an interpolation polynomial using the connection coefficient identity, we cannot in 
general insist that the polynomials on both sides are evaluated at a partition. A notable exception is when 
ss' = since then P*(”)(/i; g, t, s) and P*("'^(to" — p;q,t,s') are evaluated at the same point. 

There is also a bulk version of the Fieri identity. 


Theorem 3.13. For any integer n > 0 and partition p of length < n, the following identity holds in the power 
series ring F(s)[xV) ■ • ■ 


n 

l<2<n 


{vx^,v/xpq) 
{ux,,u/xpq) " ^ 


■ Xn':q,t,s) 


n 

l<z<n 


{yqmtn-is^vq-''H'‘-'' / s-q) 
{uqVit^-^s, uq~>^'P~^/S] q) 


ADm 


(3.54) 


where 



C°(s^/t; q, t)C°{tu/qs; 1/q, 1/t) ^ 

Cx{sv/t;q,t)Cl{tu/qs;l/q,l/t) 


v^)/{l-X)]-q,t). 


(3.55) 
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Proof. It suffices to consider the case u = q^v for an integer m > 0. We certainly have an expansion of the 
form 

{vxi, v/xi-,q)mP^^'^\xi, ...X„]q,t,s) q, t, (xi,... a;„; g, t, s), (3.56) 


l<i<ri 


for '®) ^ '*^]i content of the theorem is that 




qUik _^ 


1 - 


,\M-M 


{l-vq^-H^-^s){l-vq"^-H^-'^/s). (3.57) 


(i,j)e(m"+iJ,)/X 


By the Macdonald limit, 

, , „mfc _ 1 

limr;l'"l-l^lci”’'"^(z;;g,t,s) = ];q,t) 

, - ^mk _ 1 


1 -t'= 




(3.58) 

(3.59) 


and thus g, t, s) is a polynomial of degree at most 2mn + 2|/r| — 2|A|, with constant term 

OA;.([(g™'=-l)/(l-t'=)];g,t). 

Now, if we evaluate both sides of at K, the left-hand side vanishes if either fj, (fi k or 

V G : {i,j) G {m'^ + K)/K}. (3.60) 

Thus by induction in A, we find q, t, s) vanishes if ^ ^ A, and is otherwise a multiple of 


(1 - vq^-H^-^s){l - vq^-H^-'^ js). 


(3.61) 


(ij)em +IJ. 


This has degree > 2mn -|- 2|/r| — 2|A|, and thus it follows immediately that 

^mk _ 1 

Pi^^-\Mc^^^'^\v;q,t,s) = Qx/^{[ ^ _ ^ ];q,t) (1 - ug^"4""*s)(l - vq^~H^-^fs) 




as required; note that the skew Macdonald polynomial vanishes unless A C 771 " -I- /r. 

Remark. When m = 1, this is essentially the proof of m for the ordinary Fieri identity. 
The case u = qv gives the ordinary e-type Fieri identity. 

Corollary 3.14. m For any integer n > 0 and partition p of length < n, 

(v + l/v + Xi F l/xi)P*^'^\xi,.. .Xn;q,t,s) 


(3.62) 


□ 


(3.63) 


l<i<n 


= n + l/v + qf^'r ^s + q '"‘f "/s) ^ ■!/;^y^('u;g,t,sf”)P*^”^(xi,. . .x„;g,t,s). 


l<i<r 


where 


Px/f,iFq,t.s) =tlj'x/^{q,t) (v + l/v + q^ h ^s + q^ s) ^ 


(3.64) 
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We also obtain a g-type Fieri identity, by taking v = tu. 


Corollary 3.15. For any integer n > 0 and partition p of length < n, the following identity holds in the power 
series ring F(s)[a;f 


Yj {tux„tu/xpq) w. ^ _ TT ^s,tuq ^/s]q) 

iux,,u/xp,q) 




l<i<r 


[uqr-it'^-^s, q) 


X! ■■■Xn, q, t, s), 

XDfj, 


(3.65) 


(3.66) 


where 

(i,j)GA//. ^ ^ H I ) 

As observed in cni, the branching rule and Fieri identity are connected via the Cauchy identity. 

Theorem 3.16. m For any integers m, n, 

{-l)'^^-\>'\p*^^\x;q,t,s)P*t']y{y;t,q,s) = J]^ Yl - % - 1/%) 

l<2<n 

Proof. By induction in n; if we multiply both sides by 

(Xn+l + l/^^rt+l ~ Vj ~ ^/Uj): 

l<j<m 

then expanding via the (e-type) Fieri identity and simplifying via the branching rule turns the resulting left-hand 
side into the left-hand side of the Cauchy identity for n -I- 1. □ 


(3.67) 


(3.68) 


4 Hypergeometric transformations 

Define the “binomial coefficients” 


q,t,s 


Pf,^'^\\\q,t,P ’^s) 

{Pn^PPuPx^ (A; g, C P-^s)P*y_^{nF - p; q, t, q-^/s) 


IMJ 9 ,t,s {Px,Px)”P^^'"\p-,q,t,P '^s)P^fff^{m^ - p]q,t,q ™/s)' 

where m and n are chosen so that X, p G mP. Note that each binomial coefficient vanishes unless p G X, 
and is equal to 1 when p = X; furthermore, each is preserved by the substitutions s —s and {q,t,s) i-^- 
(1/g, 1/t, 1/s). That the first binomial coefficient is independent of n and the second is independent of m 
follows from Lemma lion that the second is also independent of n follows from Theorem 14.51 below. First, 
though, some transformations and special values. 

Proposition 4.1. For any partitions p G X, 

r \ > ex'! 

(4.3) 

l/q,l/t,l/s 

(4.4) 

q,t, — s 


j*{n) 


(4.1) 

(4.2) 


'A 


'X 

< 

fAl 

. =, 


.P 

q^t,s 

.P 

l/qP/tp/s 

ImJ 

q,t,s 


'X 


'X 

< 

fAl 


fAl 

.P 

q,t,s 

.p 

q^t, — s 

ImJ 

Kgs " 1 
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For integers m,n > 0 with £{X) < n, 


to" + A 
to" + 

'to" + X\ 
^to" + /i J 

If in fact X C to", 


= q 


— m| A/ ft] ^A 


q,t,s 


g, t)C'l{F-^q^s‘^,t^-^q; q, t) 




q,t,s 


C'0(ii-"q2™s2^ g, <)C'5(ii-"g’"s2, i"-ig; g, <) 


q,t,q'^s 


q,t,q^s 


m — fl 
to" — A 

to" — /i 
to" — A 


{Px,P\)'fP'^^'^\n-,q,t,q - tJ-]q,t,t'^ "f 

{P^,PnynPl’'"\>^'^q^t^q~"^/s)P^nlxi^"' - >'',q,t,P~'^s) ImJ q,t,n^-^lq- 
{Px.PxyfP*J'"\p-,q,t,q-'^ls)P*J::^ljm'- - fi;q,t,p-^s) 


*-{n) 


q,t,s 


q,t,s (P;,,P^)"P*^”^(A;g,i,g '"/s)P,^^„”i^(TO" - A; g, t, P "s) LmJ 


(") 


Por any partition X C to", 

FA] 


= 1 


q,t,s 




TO" 

A 

to " 

A 


q,t,s 


= ( AlAl^n(A) naA C'A(^".g ^,q^syt^ ^■,q,t) 
Cf{qp',qp)cy{s'^]q,t) 


(-l)'""r('"”)C'^n (g™s 2 /^n-l. ^-m. 


q,t,s 

When n = 1, X = I, 


qnin--)c^^ (gs2; t; q, i)C'+ (s^,s^q/t; g, t)C°(g’"+is2, s^g/t"; g, t) 


m 

. ^ J ?,i,S 


(_i)*gK;+i)/2(i^ 


-m 


(g's2,g; g); 

^"^'l / .Am im-m(m-l)/2 (g~'":5^;g)i(l-g^^g^)(g""^^g^;g)r 

UJ„t« ^ ^ ^ (g'"+is2,g;g)Kl-g2-s2)(,2.g)^ 


(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

(4.11) 

(4.12) 

(4.13) 

(4.14) 


If we state the bulk Fieri identity in terms of binomial coefficients, we obtain the following generalized 
g-Saalschiitz formula. 


Theorem 4.2. For any partitions k G X, 

n(G)-niF) (-1)I^/"^IC'°(&, c; g, t)C- (t; g, t)C+ (a; g, t) 


E 

KC/iC A 


Cniqa/b, qa/c] q, t)C'„ (<; g, t)CZ (a; g, t) 


,,1 — (ga/6c)^, . 

PfJ,/Ki[ I — fk 


A' 

-F- q,t,Ga 


(4.15) 


(ga/6c)l^/"l 

Cxiqa/b, qa/c-q,t) 


q,t,Go- 


Proof. For fixed A, /c, both sides are rational functions of b and c; moreover, if we multiply both sides by 
the results are well defined in the limit (5, c) ^ (0,oo). We may thus work in the power series ring 
F(-ya)[[6,1/c]]. If we evaluate both sides of the bulk Fieri identity fTheorem l3.13ll at a partition, substitute 


(s, u, u) I—> (t^ "Va, 6/-\/a, g-\/a/c), 


and simplify, the result follows. 


(4.16) 

□ 
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One consequence is the following symmetry (“duality”). 


Corollary 4.3. For any partitions p. and A, 


} q,t,s t,qPj^fqts 


(4.17) 

(4.18) 


Proof. For the first equation, we observe that if we conjugate n, p, A in the generalized g-Saalschiitz formula 
and substitute 

{q, t, a, b, c) ^ {t, q, l/qta, 1/6,1/c), (4.19) 


we obtain the generalized q-Saalschiitz formula again, except with 


replaced by 


q,t,^/a 


\/qta 


(4.20) 


Thus both binomial coefficients satisfy the same set of recurrences, with the same initial conditions, and must 
therefore be the same. This proves the first equation; the second equation follows immediately. □ 

Remark. An alternate proof is given in Corollary 1(1. til below. 

The g-Saalschiitz formula can also be written in the following form, obtained by “reversing the order of 
summation”; that is, replacing A, p, k by their complements m” — A, m" — p, mF — k for sufficiently large m 
and n. 

Corollary 4.4. For any partitions k G X, 


E 

KdfLdX 


(P 


.')-n(A') c; q, t)C^ (t; g, t)C+ (a; g, t) (6c/ga)^ - 1 ^ ^ J/r 


Cl{qa/b, qa/c] q, t)C^ {t; q, t)C^ (a; q, t) 


1 -6^= 


];g,i) 


(4.21) 


q,t,y/a 


= (&c/ag)i"/-i |H 

Gli{qa/b,qa/c]q,t) (kJ 


q,t,Ga 


Our definition of the second kind of binomial coefficients is justified by the following result. 
Theorem 4.5. The binomial coefficients satisfy the inversion identities 


and 


E 


E 



i 

■Al 

K 

g,i,s 

.t} 

fT 

1 

'X 


q,t,s 

.M. 


= Sxk 


= < 5 ak. 


(4.22) 


(4.23) 


q,t,s 


(X'l' • 

Proof. Fix integers m,n > 0, and define the matrix |^| ^ indexed by partitions X, p C to" to be the inverse 
of the matrix [((] ^ The theorem is then equivalent to the equation 


aV 




q,t,s 


(4.24) 


q,t,s 
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If we multiply both sides of the g-Saalschiitz formua by 

(4.25) 

^ J q^t,y/a q^t,y/a 

and sum over A and we find that Corollary 14.41 is satisfied by the alternate binomial coefficients as well; as 
in Corollary 14..SI this implies that the two sets of binomial coefficients are the same. □ 


Remark. When X ^ k both haye length 1, the first sum becomes a 4 (^) 3 , summed to 0 by |3 Eq. 2.3.4]. The 
second sum is a 21^1 in the uniyariate case. 

Together with inversion, the generalized g-Saalschiitz formula implies the following identity, which generalizes 
the sum of a terminating very-well-poised 6 <(> 5 - 


Corollary 4.6. For any partitions k G X, 
CO{qa/b,qa/c;i 


(H 


Id-J q,t,V^ 



)-n(x') C*A ft; 9: (g; q, t)Cl{b, c; q, t) 

CG{t; q, t)Ci: (a; q, t)Cl{aq/b, aq/c; q, t) 


1 — {qa/bcY 




(4.26) 


Proof. In the left-hand side, expand 


(qa/6c)l'^/"l 


C^jb, c-q,t) 
C°{qa/b,qa/c]q,t) 


(4.27) 


by applying the generalized g-Saalschiitz formula in reverse. We can then sum over p using inversion, obtaining 
the desired sum. □ 


Remark. This generalizes equation (2.4.2) of |Zj; the above proof is a direct adaptation of the proof in the 
univariate case. The special case k = 0, A = m" was shown in |28| . 

Iterating the above argument gives a generalization of Watson’s tranformation between a terminating very- 
well-poised s4’7 smd a balanced terminating 4 (^) 3 . 


Theorem 4.7. For any partitions k G X 

c°{b,c,d,e;q,t) 

KGfiCZX 


Y ^ 

■ i~ ,,r- \ N / 


ri 


IdJ q,t,GE 



q,t,Ga 




C°{b,c;q,t)C^ {t;q,t)C^{a;q,t) 
Cliaq/d, aqj e; g, t)CF (t; g, t)Ct (a; g, t) 


E 

kC/xC A 


C°id,e;q,t) 1 - (gg/de)*’ (ag/de)*’ - {a^q^jbcdef 

P\/fj.([ ^ Ji 9) /i/Kv] 1 j.fc 


C°{aq/b, aq/c;q,t) 


1 -P 


(4.28) 


Remark. Taking b = aq/c or d = aq/e recovers Corollary 14.61 

If we exchange c and d, the left-hand side is unchanged, thus leading to a transformation of the right-hand 
side, a multivariate analogue of Sears’ transformation of a balanced terminating 
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Corollary 4.8. For any partitions k G X, 

V- Cliaq/b,aq/c;q,t)C°id,e]q,t) l-{aq/de)^^ ^ ^^{aq/de)^^ - {a^q^/hcdef ^ ^ ^ 

- U.i) (4.29) 

Cl{aq/b,aq/d;q,t)C°{c,e;q,t) l-{aq/ce)^ {aq/ce)'^ - {a^^q^/bcde)'^ 

^ CO{aq/b,aq/d;q,t)C^,{c,e;q,t) 1 - , ,, UQ,) 


l-t^ 


K<Zti^X 

This implies two more transformations, the first of which is another generalized g-Saalschiitz formula (not 
used below). 




Corollary 4.9. For any partitions k G X, 

V y C° {a; q,t)C°{b;q,t) a - ^ y .. .. on4 

K, LI /A ' 

Similarly, 

Y- Cl{aq/b,aq/c-q,t)C°{d,e-,q,t) ^ - {aq/de)^ ^ „ i^{aql def - {a^q^ jbcdef ^ 

C^(ag/d,ag/e;q,t)C°(&,c;q,t) 1 - (ag/&c)'= (ag/&c)'= - (a^gV&cde)'' 

~ ,^^,C^,imld,aqle;q,t)C°^ib,c;q,t) 1 - 1 - 

Proof. The first identity follows from the special case d = aq/e of Corollary 14.81 the second identity follows 
from two applications of that corollary. □ 

Remark 1. Setting k = 0 in gSOli, multiplying both sides by Q\(x;q,t) and and summing over A gives a 
multivariate analogue of Euler’s transformation (see [HI for an alternate proof). 

Remark 2. These two identities are precisely the conditions required for the bulk branching rule (or the bulk 
Fieri identity) to be self-consistent: the first allows one to combine two adjoining applications into one, while 
the second allows one to exchange consecutive applications. 

The case A = m", k = 0 of Theorem 10 is of special interest: 

Corollary 4.10. For any integers m,n > 0, 

C °^2 (aq; q, t)C°{t^,q-^, 6, c, d, e; q, t)t^^<->^\a^q'^+^/t^-^bcde^^^ 


E 


Cf (a, qa/t\ q, t)C°{aq/t^, q^+^a, aq/b, aq/c, aq/d, aq/e; q, t)C^ {q, t; q, t) 


C/n^{aq, aq/de;q,t) 


^ 9 -™, d, e, aq/bc; q, t)t 2 "(M)qlMl 

C/a^{aq/d,aq/e;q,t) C°{aq/b, aq/c,t'^-^q-'^de/a;q,t)C/f {q,t;q,t) 

For future use, we define (horizontally) nonterminating versions of these sums: 

, . . , ^ Y- C°2{aq;q,t)C°^{t’^,b,c,d,eJ;q,t)t'^^^f^h\i^\ 

sW/'{a;b,c,d,e,f;q,t;z):= ^ ^- 


(4.32) 


(a, qa/t; q, <)C° {aq/ 1", aq/b, aq/c, aq/d, aq/e, aq //; q, t)C^ {q, t; q, t) 


44>3 


a, b, c, d 

ej,g 




.^(/i)<n 


C°{t^,a,b,c, 

C°{e,f,g;q,t)C/f{q,t;q,t) 


(4.33) 

(4.34) 
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Both sums converge if 191,1^1 < 1; in contrast, convergence of a similar vertically nonterminating sum would 
require |t| > 1. When n = 1, we have 


(a; b, c, d, e, /; q, t\z) = h, c, d, e, /; q; z) 


in 


(1) fa,b,c,d^^ 


q,t;z] = 4(I>3 


a, 6, c, d 
e,f,9 


',9]z 


Corollary 4.11. JjSdj/ If = t” ^hcde, then 


sW^'^\a;b,c,d,e,q '^;q,t;q) 


Cn (a?: aq/cd, aqfce, aq/de] q, t) 
C^r^iaq!aqfd, aq/e, aq/cde; q, t) 


(4.35) 

(4.36) 


(4.37) 


Remark. This generalizes Jackson’s sum of a balanced, very-well-poised, terminating 8 ?!> 7 - In m, we will 
derive a version of this indexed by skew diagrams, as well as an associated analogue of Bailey’s transformation; 
in particular, we obtain Warnaar’s conjectured multivariate elliptic Bailey transform, EB Conjecture 6.1]. 
Warnaar also conjectured the elliptic analogue of the above sum, since proved in EOl. 

In the sequel, it will be useful to know how the difference equation is expressed in terms of the binomial 
coefficients. 


Theorem 4.12. For any partitions p. C X, 


where 






q,t,s^ 




q,t,Sy/q 






n ^ 

(ij)eA 

\i—K 

n 


Cl{u/t-, q, t)C°{qts‘^/u\ q, t) 


l_ qX,-jfX'^-i+i ^ 1_ qX.+jf-X',-i„2 


n 


'J s 




Xi =Ki 


Xi ^Ki 

1 - q^H-'^u 


(4.38) 

(4.39) 


^id) , ^ C+{s‘^;q,t) „ ^ 

Proof. For the first claim, multiply s and u by in the difference equation, divide both sides by 

P;(")(M;g,t,t'-"sV9) n 

and evaluate at A. We thus obtain an equation of the desired form; it remains to simplify the coefficients on 


(4.40) 

(4.41) 

(4.42) 
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the right hand side, namely 


-p-r (1 — TT ~ ^ ")(1 — wg ^/s^) 

11 _ q2\i-f-2-2ig2'^(^]^ _ 11 (1 — g-2Ai^2i-2g-2^^2^ _ 

(l_gA.+A,^3-z-jg2) + _^_A.-Aj^z+j-lg-2) 

11 n — ^2 — z—j g2'\ 11 fj~^\ 11 n — Q~^i~^jf^~^j~‘^ g~^) 

i<jeR' ^ ^ ^ ieR'jeR ^ ^ ’ i<jeR ^ ^ ’ 


where 


(4.43) 


R = {i : i & {1,2,.. .n}\Xi = Ki + 1} 
R' = [i : i G [1,2,.. .n}\\i = Ri}. 


We have, for instance. 


n 


i<jeR 


(1 _ nz<,gfl(l - 


nz<jGfl(l -9 >.t*+i-2s-2) 


n n n 

i£R l<fc<Kj j^R 

\ n - k 


1 - g^*+4l-*-Js2 

1 _ q\i+kf2-Z-J g2 


n 

Kk 


n<<i<i<A' 

1 «Ai+/cil —Aj^ —z 2 

TT TT _ i _ —±- TT TT _ 

1 — g'’'*+'=t^ ,44 :*-4 1 — g'''j+^t^ 1 

iGR l<k<Ki ^ l<k jGR ^ 

An =k 


1 


n 




(4.44) 

(4.45) 


(4.46) 


(4.47) 

(4.48) 

(4.49) 

(4.50) 


where the constant of proportionality is 

TT ( — Q~ _ 

llz<jgfll Li,) _ |fi|(|^|_i )/2 TT Z_ 2 Az. 2 - 2 z 2 ^ 

We thus obtain two of the factors of (lonii . Here we used the fact that i G R and Ai = fc if and only if 
n'f. < i < X'f.', similarly, i G R' and = fc if and only if A^+i < i < k'j^- The remaining simplifications are 
analogous. 

The second equation follows in a similar way; here we substitute {s,u) i—*■ {q~'^/ts,tq~'^/u). Alternatively, 
it follows immediately from the first via inversion. □ 

Dualizing the difference equations (via Corollary 14.311 gives “integral equations”. 

Corollary 4.13. For any partition /r C A, 




= 

q,t,sy/i „,z^A' 


q,t,s 




q,t,s 


q,t,sy/t 


(4.51) 

(4.52) 
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where 


s) 


V' 


(0 

A/A 


{u-,q,t,s) 


/ /|\ I A| — \K\j.n(K) — n{X) Cl{s^qt/u\ q, t)C°(u/t; q, t) 

Cl{u-, q,t)C°{s'^qt/u; q,t) 

1 _ gA.+j-l^-A'-i+3g2 1 _ ^A.-j^Aj-i+l 

I - q^i-3 + H^J-^ 1 _ 

^ (2j)eA ^ 

X'.—k'- X'-^k!- 

3 3 3 ~ 3 



1 _ ^A.-i+l^Aj-z 
1 _ qKi+j-H2-K'^-i^2 


n 

(l,j)£K 


1 - q^'~^H'^ 
1 - 


Cl{u/t;q,t) C^js^t) 
Cl{u]q,t) (7^(52) 


(4.53) 


(4.54) 


Remark. These identities can be analytically continued to give a one-parameter family of integral equations 
for interpolation polynomials, having the integral representation of CHI as the case u = t", £{fi) < n. In fact, 
we discovered these integral equations first (in order to prove Theorem 15. 2011 . then deduced the likely existence 
of difference equations via duality. As the integral operators are rather complicated, and unnecessary for our 
purposes, we omit the details, and note simply that they correspond to the operators defined in m via contour 
integrals. 


5 Koornwinder polynomials 


Definition 2. The Koornwinder polynomials are the unique family of i?C„-symmetric polynomials 


(5.1) 


such that 

• (Triangularity) K^\] q, t; to, ti,t 2 , to) = m\ -I- dominated terms. 

• (Evaluation symmetry) For any pair of partitions p < X, 

q, t, to, ti,t 2 , to) _ {q^H^-Hp; q, t; ip, hMM) 

kxiq, t, t"; to:ti,t 2 , h) k°{q, t, t"; io:ii,i 2 , h) 

where 


ip = \/totit2to/q-, ii = tpti/ip, i e {1, 2,3} 


kl{q,t,T-,to:ti,t2,to) 


it Ttptilt, Ttot 2 /t, Ttpto/t; q, t) 

° C~{t;q,t)C^{THl/t‘^;q,t) 


(5.3) 

(5.4) 


This differs from the definition in the literature (in which evaluation symmetry is replaced by orthogonality 
with respect to the Koornwinder inner product); that our definition is equivalent to the usual definition will be 
shown below. 
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Theorem 5.1. The Koornwinder polynomials are well-defined, and are given by the expansion 


nc\ 




^to r- 




Proof. A monic triangular BCn-symmetric polynomial with leading term m\ is uniquely determined by its 
values at for p < A. Indeed, we can write it as 


mx + Y 

/i<A 


(5.6) 


where the coefficients Cx^t are determined by a triangular system of linear equations with nonzero diagonal. 
We find that, if the expansion holds for all /r < A, then 


Ho;q,t;to,ti,t2,t3) Kjr\q’'H^ T'o; g, t;to,ii,^2,4) 


kx{q,t,t”^;to:ti,t2,t3) 


fcO(g,t,t";to:ti,t2,t3) 






= E 

vdX 

= E 


Pt^'^\y,q,t,t3) 


v<Z\ 


iiok°iq,t,t‘^-to:ti,t2,t3) 

P^^"'\p;q,t,to) 

to:ti,t2, t3) ’ 


A' 

u 


where the second-to-last step follows from the fact that 

k°{q, t, t"; to:ti,t 2 , t 3 )P*^‘^\v] q, t, to) 


(5.7) 

(5.8) 

(5.9) 

(5.10) 

(5.11) 


depends on to, ■ • ■ to only through their pairwise products, and is thus preserved by the “hat” involution. In 
particular, both sides of 15.511 are monic triangular with leading term A, and agree at q^'t" *to whenever p, < X. 
The identity follows. □ 

Remark 1. This, of course, is essentially Okounkov’s binomial formula m. the difference is that the principal 
specializations in Okounkov’s formula have been replaced with the appropriate product. Note that in the 
univariate case, this is precisely the expansion of an Askey-Wilson polynomial as a 4 (p 3 

Remark 2. We will tend to avoid the ti notation in the sequel, as it is really only suited to contexts in which 
the parameters are fixed; in other contexts, it can lead to serious ambiguities. 

Corollary 5.2. The evaluation symmetry property holds without restriction on p and A. 

Corollary 5.3. For any partition X, the only possible factors of the denominators of the coefficients of the 
polynomial 

{t‘^'^~‘^totit2t3/q; q, t)Kxi; q, t; to, ti, t 2 , ^ 3 ) (5.12) 

are binomials of the form 1 — q^P for i,j > 0. 
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Proof. Taking into account the denominator factors introduced by the binomial coefficient and the interpolation 
polynomial in the binomial formula, we conclude that the only possible other denominator factors are q, t, to- 
Now, the Koornwinder inner product is well-defined whenever any of q = 0, t = 0, or to = 0; thus Theorem EHI 
below implies that q and t and to are not denominator factors of □ 

The symmetries of interpolation polynomials induce corresponding symmetries of Koornwinder polynomials. 

Corollary 5.4. For any partition X, 

q, t\ to, ti, t 2 , to) = l/q, 1/t; l/tp, 1/ti, l/t 2 , l/ts) 

= {-iy^^K^^\-x-,q,t-,-to,-ti,-t2,-t3) 

A further symmetry follows from the q-Saalschiitz formula. 

Theorem 5.5. For any partition X, 

Ki''\;q,t]to,ti,t2,t3) = K'f^\;q,t;ti,to,t2,t3) 

Thus is invariant under permutations of to, ti, t 2 , ta. 

Proof. For all k, the coefficient of (; g, t; ti) in both sides is the same. 

Remark. This is another multivariate analogue of Sears’ 4(/>3 transformation. 

We will refer to this fact as “parameter symmetry”. 

Before delving further into the properties of the Koornwinder polynomials as we have defined them, we first 
must justify the name. We could of course simply refer to the proofs in the literature 17711^ 1^ that the 
usual Koornwinder polynomials satisfy evaluation symmetry; instead, we will give a direct proof (in particular, 
avoiding any use of double affine Hecke algebra machinery). We will, in fact, give two proofs. The first uses 
difference operators to show orthogonality with respect to the Koornwinder weight function, while the second 
uses our generalized hypergeometric transformations to show orthogonality with respect to the g-Racah weight 
function. 

First, recall the difference operators D'^”'\ui,U 2 ',q,t) of Definition Q] These act on our polynomials as 
follows. 

Lemma 5.6. For any integer n and partition X with i{X) < n, 

D^^\to, ti;q, t)K^^^ (; q, t] hy/q, t 2 , ts) = E*'^\toti, q, t)K^^\; g, t; to, ti,t 2 y/q, toy/q), (5.17) 

where 

P^”^(M;g,t) = g-l^l/2 ^ (5.18) 

l<i<n 


(5.16) 

□ 


(5.13) 

(5.14) 

(5.15) 
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Proof. By the binomial formula, we have: 


ti;q, q, t; to^/q, ti Vg, t2, ^3) 

’"1 t;(,. t.f, t„‘ 3 ) p 

l-W (9, t, t"; toy^-.hy/q, t 2 M) 

‘"1 M"; h.t,) 


= E 

mca 


E 

mca 


Since 


Elr\toti-,q,t) 0 


E^iq,t,t'^]to^/q-.ti^,t2,t3) = -yj-J;;y—77yfcJ;(g,i,i”;io:tl,i2V9:^3V9)> 


the result follows. 


(5.21) 

□ 


Remark. In particular, we find that the polynomials Kjr\', qjt]to,ti,toyRi,tiy/q) are eigenfunctions of the 
operator q,t), and thus are BCn/Cn-Macdonald polynomials. More generally, the polynomials 

(; q, t; to, ti, ^ 2 , ta) are eigenfunctions of (to, ii; g, (sT^I’^ti, g^^/^ta; g, t). 

Let (; g, t; to, ti, t 2 , ta) denote the Koornwinder weight function [TT] 




'(a:i,X2, 


i; g, t; to, ti, t 2 , ta) — 


( 2 ;^ ;g) 


l<i<n 


(toa;)^\ tixf \ t2a;=^\ taa;=^^ ■ 


n 




’ \<i<i<n 


■ 


;9) 


(5.22) 


Also, for a multivariate function / analytic in a neighborhood of the unit torus (the locus in which all variables 
have magnitude 1), J fdT denotes the integral of / with respect to the uniform density on the torus; i.e., 

JfdT = J^ (5.23) 
= [ /(a:i,a;2,.-.a;„) (5.24) 

J\x^\=i j 27rza;j 

or equivalently the constant coefficient of the Laurent expansion of /. 

A straightforward adaptation of the standard adjointness argument for i?C„/Cn-Macdonald polynomials 
m proves the following. 


Lemma 5.7. Let q, t, to, ^i, ^ 2 , ta be arbitrary complex numbers of magnitude < 1. Then for any integer n 
and BCn-symmetric polynomials f, g, 

J (to, ti; g, t)g)f (; g, t; to, ti, t2 ^g, t3yg)dT = J (t2, ta; g, t)f)g (; g, t; t2, ta, to^?, tiyfqfdT. 

Proof. Factor the two weight functions as: 

w^'^'^{xi,X2, ■. .Xn-,q,t;to,ti,t2y/q,t3^) = A[""\xi,X 2, .. .Xn)A^^\xf^,xf^,. ..X~^) (5.25) 

(cci, a;2, ... a;„; g, t; t2, ta, tov^g, ti v^g) = {xi,X 2 ,... a;^) (crC^ a;^\ ... xf^), (5.26) 
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where 


AS">ta,X2...x,.)= n ,, , , r ' 

l<i<n i* 0 Xi,hXi,t 2 ^Xi,t 3 ^Xi-q) 

X9 ...X )= TT __ 

The difference operators can then be expressed in the form 


-p-r {^i^j ; Q) 

{txixf^-,q) 

-p-|- {xiXj ; q) 

{tXiX^^;q) 
l<i< 3 <n ^ ^ 3 ^ 


fr^Mu ^ TT o ,(A^^^£/)(^a;i,^X 2 ,...^Xn) 

yD (^Q, tx 5 Qi ^2) ■ ■ ■ ^n) / ^ ^Xi (^i) /yj\ 

A\ TXi,X2, ...Xn) 


cre{±l}’^ l<i<n 


n^Mu A \ TT n ! ■ ■-^/qXn) 

{D'^ >{t2,t3]q,t)f){xi,X2,...Xn) = 2^ | J_ RxA<^^) -(^ly- f-) 

A 2 {Xi,X 2 ,...Xn) 


cre{±l}’^ 


(5.27) 

(5.28) 


(5.29) 

(5.30) 


where as in the proof of Lemma liTlI i?a;.(±l) are homomorphisms defined by 7?^;^ (±l)a:j = Xj, i?a;^(±l)xi = x^^. 
Since /, w, and dT are preserved by these operators, we find: 


y (Z)(”) (to, ti;q, t)g)f (; q, t; to, ^i, 72v^, t 3 \/g)dT 


= 2”^ (Aj”V)(a^i\a:2\--- 

xJ)iA^^^g){^xi,^X2, ■. 

■ ^/qXn)dT 

(5.31) 

= 2- J{At^9){^X3,y^X2, 

.. .y^Xn)iA^^^g){xf\xf\ 

...xf^)dT 

(5.32) 

= j (0, ta; 9, t)f)g (; g, t; 0, ^3, 7?, tiy/q)dT. 


(5.33) 

□ 


Theorem 5.8. Let q, t, to, ti, t 2 , to he complex numbers of magnitude at most 1. Then the polynomials 
77^"^ (; g, t; to, ti, t2, to) are orthogonal with respect to the density rt;^^(; g, t; to, ti, t2, to) on the unit torus. 

Proof. On the one hand, the polynomials 77^"^(; g, t; to, ti, t2, to) are eigenfunctions of the difference operator 

(to, ti; g, t)0(”) (g"^/2t2, g'^/^tg; g, t), (5.34) 

with generically distinct eigenvalues. On the other hand, this difference operator is self-adjoint with respect to 
the Koornwinder weight. Orthogonality follows immediately. □ 

Remark. In particular, we have shown that our Koornwinder polynomials agree with the usual Koornwinder 
polynomials, and thus the latter satisfy evaluation symmetry. 


We now turn to the g-Racah case. Following Em, suppose toil = f^ ”g and define a function A^^ on 
partitions p C m" by 


A‘?^(/r) = g-2"(/x')^2n(0(^2n-2^^2)-|M|_^i 


^tot2,t'^ Hot3]q,t)C^r^Jt^ ^tit2,t'^ Hit3;q,t){P^,P^ 


^ U/n 


- p-,q,t,ti) 


(5.35) 
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Aside from an overall constant, this is the weight function for the multivariate g-Racah polynomials of m- If 
we define a linear functional on RCn-symmetric functions by 


{f),R= 




then 


{-,9, t, to)P^nl^{-: q, t, (/r; q, t, - /x; q, t, h) 


/iCm” 


P*^^\n-q,tM){Px,Pxy;, ^ (gA2t3)I^IC°(r-^tot2,g,t) p 
PY\\-q,tM C°{t^-^qtolt2,t^-^qtolt3;q,t) 




(5.36) 


(5.37) 


(5.38) 


This sums via Corollary 14.61 to give 

/ 3 *(n)/ ^ ^ kl{q,t,p-]to,ti,t2,h)Py'''"\K-,q,t-,i3) l-{q/t2hf^ on^ 

(p,< Pv([ 

where the constant of proportionality is independent of k, and A = x/tQiP^ihJq ^-s usual. Now, from the 
binomial formula, we find 

{K'yyl_^{- g, t; to,ti,t 2 , t3)P^J^l^{; g, C ti))qR 

0(. PY\p',q,t,ii), (5-41) 


where A = A "g ™/toj and 15.411 follows from the connection coefficient identity for interpolation polynomials. 
In particular, 

{K^r^l-f,{;q,t;tQ,ti,t2,t3)P^yl^{-q,t,ti))qR = 0 (5.42) 

unless A C /x; it follows that the polynomials Ar^"^(; g, t; to 7 ti, ^ 2 , ts) are orthogonal with respect to the given 
inner product. If we keep track of the constants when A = /x, we obtain the following theorem. 


Theorem 5.9. If toti = P "g ™ and A C m", then 

(; 9, t] io, ti,t2,t3)K^y'\; g, t; ti, to, ^ 2 , ts))?/? 


(l)gfl 


dXfiHx (,9,^,^ ,to,tr,t2,^3), 


(5.43) 


where 


Nxi;q,t,T;to,ti,t2,t3) = 


C'a («;9’ 1)^^ {THotit2t3/P; g, t)Cl{T,Ttotit2t3/P\ g, t) no<i<j<3 9,0 


C;, (t; g, t)C')(' {THQtit2t3/qP; g, {T^toPPts/P', 9,0 


(5.44) 


Remark 1. The proof of ISO] was based on the usual definition of Koornwinder polynomials, and involved 
showing that Koornwinder’s difference operator is self-adjoint with respect to the g-Racah inner product. One 
can presumably construct a similar proof based on our difference operator. 
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Remark 2. Except for the formula for the norm, we could have derived this from orthogonality with respect to 
the Koornwinder weight, by reference to the results of m 

Remark 3. The normalization (l)g_R can be computed using the rectangle case of the generalized 5^5 sum: take 
K = 0, A = to" above. (This normalization was first computed in m by proving this case of the 6<(>5 sum.) 

Remark 4. Similarly, we can express the inner product 


(p*(n) 




n 


l<'i<n 


(uxi,u/xi;q) 

{vxi,v/x^;q) 


qR 


(5.45) 


as a generalized very-well-poised s'/'?; that is, in terms of the special case 

(o; b, c, d, e) i-^- (5.46) 

of Theorem 10 Is there a similar interpretation of this sum without the g-Racah constraint 
If we define the virtual Koornwinder integral 

lK\f'^q^t'^'^o,ti,t2,h) := [R:^”^(;g,t;to,ti,t2,t3)]/, (5.47) 


for any RC^-symmetric function /, the two orthogonality results imply the following expressions. 
Corollary 5.10. For q, t, t^ ... t^ of magnitude < and all BCn-symmetric polynomials /, 

H/; q, t', to, ti,t 2 , h) = Z~^ j f{xi,X 2 , ■ ■ ■ Xn)w'^K ( 2 ^; 9, t; to, ti,t 2 , ts/dT, 

where 

Z = j w^^\x-,q,t-,to,ti,t2,h)di:. 

Similarly, iftoti = then 

iP{f;q,t;to,ti,t2,t3) = 

As the virtual integral is a rational function of the parameters, we also conclude: 

Corollary 5.11. For all partitions X, p, 


(^A (; d) t- to, ti,t2, t 3 )Ar^"^ (; q, t; to, ti,t2, to); q, t- to, ti, ^2, ts) = S},f,Nx{-q, t, T; to, ti,t2, ts), 


with N\ as above. 

Remark. An alternative derivation of this (assuming evaluation symmetry) was given in |27| . 


(5.48) 

(5.49) 


(5.50) 


(5.51) 


The inversion formula for generalized binomial coefficients allows us to invert the binomial formula. 
Theorem 5.12. For any partition X, we have the expansion 


P*x^'^\-,q,t,to) = X] 

/iCA 


•^1 fc°(g,t,t";to:ti,t2,t3) rAn),... .. . ^ ^ .o', 

f _7,0/'^ + Fn.-h .F F F ^ ^0? ^ 3 ) (5.52) 
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This has two interesting consequences. First, we obtain a connection coefficient formula for Koornwinder 
polynomials, by expanding the interpolation polynomial in the binomial formula using the inverse binomial 
formula. 


Theorem 5.13. For any partitions k G X, 


Ki'^\;q,t;to,ti,t2,t3) 

k°{q,t,t^-,to:ti,t2,t3) 


K^x\;<l,t;to,t[,t'2,t'3) 

kliq,t,f^;to:t[,t'2,t'3) 


= E 


A' 

F 




Atl k°{q,t,t^;to:ti,t 2 ,t 3 ) 

q,t,t--WtotiGt,/gk°iq, t, t"; to:t[,f2, ^3) ■ 


(5.53) 


Remark. If <2 = ^ 2 , ^3 = ^ 3 , so only ti is changed, then the corresponding sum for Askey-Wilson polynomials 
has a closed form evaluation; it turns out that something similar is true for Koornwinder polynomials, in that 
the sum can be evaluated in terms of the generalized binomial coefficients of m See also Theorem l5.2()l below. 

Second, we obtain an integral formula generalizing Kadell’s formula (and the q-analogue) for the (normalized) 
integral of a Macdonald polynomial over a Jacobi ensemble. 


Corollary 5.14. For any partition X, one has the following virtual integral. 

(t; q, t)Cl{F^-H3tit2t3] q, t) 


(5.54) 


This allows us to prove the following integral representation for 8 W 7 " series. 
Theorem 5.15. Choose to,ti,t2,t3F4T<lFiU G C such that ma.x{\ti\,\q\,\t\) < 1 . Then 


r(") 


(n 

l<i<T 


{uxi,u/xi]q) 


(tAXiCi/xi^q) 


—; q, t; to, fi, ^ 2 , fs) — 


0<i<n 


{t ^n't'^C ^u't'iC HQt\t2t^;q) 

{t-%t4, t-H'F^, ^“^ 2 ^ 4 , t-^u'tQt'3t2-, q) 


(5.55) 


glFy (u ^0^1^2/95 ^ 0 ^ 1 , ^ 0 ^ 2 , ^ 1 ^ 2 , /^3,/^4j 9 , ^ ^ 3 ^ 4 ) 


where t' = t*-" u' = t*-" 


Proof. First, suppose that ti = q'^u. Then 


n 

l< 2 <n 


{uxi,u/xi;q) 

{tiXiC^/x^q) 


(_u)'"’^q’^("™) Yl {Xj + l/xj-q^-^u-q^-^/u) 

l<2<m 

l<j<n 


C'^^{C~^toU,u/to\q,t) E 

\(Zm^ 


gn(A')(_^n-1^0g)|A|c'0(g-m; 

CliF-'^tou, q, t)Cf (q; q, t) 


(5.56) 

(5.57) 

(5.58) 
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Integrating both sides, we find that 


r(")f 


n 

l<2<r 


(uxi,u/xi;q) 
{q^uxi, q^ujxi', q) 


; q, to, to) 


(n) 


q 4oti,t” 4 ot 2 ,t” ^toto 


]Q,t;q 


= C)Ln(t^ tou,u/to]q,t)ii^\ , „ „ , , , , 

C'm" {t'^~^uto, r-^uti,t'^-^ut 2 -, q, t) 

C^,^ {t‘^^-‘^utotit 2 \q,t) 

811 ^ 7 ”^ {t^'^~‘^utotit 2 /q] t”“4ot2, t'^~^tit 2 ,u/to, g”™; g, t; q'^uto). 


(5.59) 


(5.60) 


Thus the desired formula holds when ^4 = q'^u. The result follows from the fact that both sides are manifestly 
analytic in the stated domain. □ 

(n) 

If we exchange t 2 and to, the integral is clearly unchanged; we thus obtain a transformation of sWy series. 

(n) 

Similarly, permuting the parameters of the leads to a transformation of the integral. The resulting 

symmetry groups are enlarged from S 5 to the Weyl group Do, and there are thus a total of three different 
expressions for the integral, corresponding to the double cosets So\Do/So. The remaining two are: 


n 

0<2<n 


(t ^u'ft^,t ^u't'i,t H'Qt[tot'^,t %t2t'ot'4^,t H'ot'^t'ot'^-,q) 

("t — i" — "t — "t — i" — ■f-f‘ 2 . 


8 ^ 


(5.61) 


iW^ ^ (^0^1^2^3^4 / ^0^4) ^1^4) ^2^4) ^3^4; ^0^1^2^3^4/ ^ i 9 ) ^ /^4)) 

subject to the convergence condition < 1 , and 

(f'^tpu', t~^t'iu', t~^t' 2 u', t~^t'ou', t~^t'^u', < 2 ^ 3 ^ 4 / 44 '; q) 


n 

0 <i<n 


{t %ti,t %t^,t %t'^,t %t'^,t ^u'^,t %t[t 2 to;q) 


(5.62) 


sWy^”^ (w'Vg; u'/t'a, u' /t\, u' lt'2,u'It'o, u'/t^-q, t, '^t'ot'ot'^t'ot^lu'), 

subject to the convergence condition |t^“"totit 2 ^ 3 t 4 /M'| < 1. (Compare equations ( 6 .3.7-9) of [?]•) 
Corollary 5.16. Let m, n he nonnegative integers. Then 


Ip I 


n 

l<2<r 


[i^i’^vXi, t^^’^vlxi, q) 
(t-m/'^vxi, t~"^t'^vjxi; q) 


■,q,t-,t^/ho,t^/%,r/h 2 ,t^/ho) 


= 4-)( n e'\. 


(5.63) 


l< 2 <m 


(t-n-DvXi,t~'^t'^V jXi] q)' 


Proof. Expand the integrals via and use the fact that 

glT^”^ (a; b, c, d, e, t™; q, t; z) = 8lE7"^^(a; b, c, d, e, t"; q, t; z). 


(5.64) 

□ 


Remark. The Jacobi limit is implicitly used in 0 Section 15.7]. 
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Corollary 5.17. Let m, n be nonnegative integers, and set u = t 2 n+ 2 m Then 

{Ttot4, Ttiti, tH2t4, tH3t4; q) 


n 

0<2<n 


{t ^u/tQ,t ^u/t2,t ^u/t3;q) 


r(") 

'if 


(n 

l<2<r: 


(t '^^‘^uxi,t "^^^ufxi-,q) 

{V^lH4Xi,t'^lH4lxi-,q) 


q,t-,t^lH^,t^lH^,t^lH^,f^lH3) 


is symmetric in m, n. 

Proof. The same, but using 15.5111 . 


(5.65) 


□ 


Remark 1. When m = 0 and thus u = ^to^ii 2 t 3 t 4 , we conclude 


/-(«) 

'if 


(n 

l<'i<n 


{uxi,u/xi;q) 

(t 4 Xi,t 4 /x^;q) 


■ q, t- to, ti,t 2 , to) — 


0 <i<n 


{t ^u/to,t ^u/ti,t ^u/t 2 ,t ^u/t 3 -,q) 
{tHot4, Ttit4, tH2t4, tH3t4; q) 


(5.66) 


aside from the normalization of the integral, this is Theorem 2.1 of |S]. 

Remark 2. Formally, there is an analogous result using 15.5511 : this is a special case of equation (IT^ below. 

Remark 3. If we were to ignore the constraints that certain ratios be integral powers of t in the above trans¬ 
formations, we would find that our integral has symmetry group Dq. It is unclear how to make this rigorous, 
however, given the significant difficulties with convergence. 


We conclude with some miscellaneous results. 

Combining the inversion identity for binomial coefficients, the duality symmetry of binomial coefficients, 
and the Cauchy identity for interpolation polynomials gives a Cauchy identity for Koornwinder polynomials. 

Theorem 5.18. m For all integers m,n > 0, 

...Xn, q, t; to, ti,t 2 , t 3 )Kl^'>_y (yi,... t, qfo, ti,t 2 , to) (5.67) 

= n n -^/yj)- 

l<i<n 

The action of the difference operators on the Koornwinder polynomials fLemma l5.6ll is related via evaluation 
symmetry to the following connection coefficient result. 


Theorem 5.19. For any partition A, 


K^>!"\;q,t;to,ti,t2,t3) 

kl{q,t,t'^-,to-.ti,t2,t3) 


X! ^\/totit2t3/q) 

K^X 


Ki"\;q,t;to,qti,t2,t3) 

kl{q,t,t^-,to-.qti,t2,t3) 


(5.68) 


Proof. Apply the difference equation for binomial coefficients, with parameter u = t^toti, and simplify the 
result using the fact that 


k^iq, t,T-,to-.ti,t2, t3)'ip^^^^(Ttoti;q, t, (T /1) y^ioht^i^) 


kl{q,t,T-,to:qti,t2,t3). 


(5.69) 

□ 
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Dualizing (i.e., using or equivalently using the integral equation, gives another special connection 

coefficient. 


Theorem 5.20. For any partition X, 


K^^\-,q,t;to,tit,t 2 ,t 3 ) 

kl{q,t,t^;tQ:tit,t2,t3) 


k' ^X' 


Kir\;q,t-to,ti,t 2 ,t 3 ) 

k^iq,t,t^;to:ti,t 2 ,t 3 ) 


Proof. Take u = in the integral equation, and note 

k°{q, t, T ; to:tti,t 2 , g, t, {T/1)t3tit2t3/q) = k^iq, t, T ; ^ 2 , ts)- 


(5.70) 


(5.71) 

□ 


Remark. Note that this formula still depends nontrivially on t in the univariate case. Since the Askey-Wilson 
polynomials are naturally independent of t, we obtain the connection coefficient formula ^ Eqs. 6.4-5] for 
Askey-Wilson polynomials with only one parameter changed. 

We similarly obtain the following quasi-branching rule. 


Theorem 5.21. For any partition X, 

(xi,... Xn, to; q, t; tp, ti, t 2 , ts) 
kl{q,t,t'^+^-,to:ti,t2,t3) 


= X! '*/'!/«; 9, t”\/ totit2t3/qt) 


K^^\xi, ...x„; q, <; tot, ti,t 2 , ta) 


k' ^X' 
^(K)<n 


k°{q,t,t^-,tot:ti,t 2 ,t 3 ) 


(5.72) 


Proof. Applying Lemma Id.61 we find that it suffices to show 


k°{q,t,t^+^-,to:ti,t 2 ,t 3 ) 


Wtotit2t3t/q) 

kCX 

^{K.)<n 


k°{q,t,f^-tot:ti,t 2 ,t 3 )’ 


(5.73) 


for £{fi) < n. Since 

= 0 (5.74) 

for ^(k) = n -|- 1, the restriction on the length of k can be removed, at which point the integral equation may 
be applied. □ 


Remark 1. The special case of the integral equation used in the above proof corresponds to the integral repre¬ 
sentation of m- 

Remark 2. This implies via the Cauchy identity a quasi-Pieri identity of the form 


{Xi + l/Xi-to-l/to)Kjf^\xi,. . .Xn;q,t;qto,ti,t2,t3) = ^ cx^K^^\xi,.. .Xn;q,t;to,ti,t2,t3), (5.75) 

l<Z<n Xr^fj. 

£{X)<n 


for suitable coefficients cx^. 
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If we combine the last two theorems, we obtain a special branching rule of the form 

^ cx/Kd^,/f,Kj”\xi,.. .Xn;q,t;to,ti,t2,t3), ( 5 . 76 ) 

for certain coefficients c^/kj thus conhrming the speculation in |16| that the integral representation is 

related to a branching rule for Koornwinder polynomials. In general, it follows by combining the Fieri identities 
m and the Cauchy identity that there exists a branching rule of the form 

K^^~^^\xi,...Xn,u;q,t;to,ti,t2,t3) = ^ cx/^,K^^\xi,... Xn-,q,t-,tQ,ti,t2,h), ( 5 . 77 ) 

fl'cx' 

^X' 

for suitable coefficients cx/ij. S F(to,ti,^ 2 ,t 3 )[M, 1/rt]. The expression one obtains for these coefficients is far 
from a closed form, however. 


6 Symmetric functions from interpolation polynomials 

It turns out that the families of interpolation and Koornwinder polynomials have natural lifts to families of 
symmetric functions; in each case, one obtains two families with an additional algebraic parameter that reduce to 
the given i?Cn-symmetric polynomials when appropriately specialized. We will first consider the interpolation 
polynomial case. 

The first lifting involves inverting the natural projection from A to given by 

/ I-*- f{xi,l/Xi,X2A/x2,---Xn,l/Xn)- (6.1) 


For any n, this map is surjective, but is quite far from injective, and thus we have no way to dehne a unique 
lifting. It turns out, however, that if we introduce an algebraic parameter T = t", then there is a unique lifting 
with coefficients in F(s,r). 

The above homomorphism acts on power-sums by 


Pk^ x’l + 


x-\ 


( 6 . 2 ) 


l<2<r 


If we evaluate this at the partition A, we have: 

Y x^,+x-‘^= Y s-^ 


l<i<n 


l<i<n 


( 6 . 3 ) 


( 6 . 4 ) 




l<'i<n 


= Y - l)t'=*(sT)-'=) -b s 


^ 1 - 1 /t'^ ■ 


( 6 . 5 ) 


This motivates the following definition. 
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Definition 3. The lifted interpolation polynomials are the unique family of (inhomogeneous) symmetric func¬ 
tions Pf{;q,t,T;s) such that 

• Pf{;q,t,T;s) = m\ + dominated terms 

• Pf{{lJ')q,t,T-,s;q,t,T;s) = 0 for ^ < A. 

Here, for a symmetric function /, f{{p)q^t,T-,s) is its image under the homomorphism such that 


Pk{{p)q,t,T;s) = Y. - l)t-^\sTf + ■ (6.6) 


Theorem 6.1. The lifted interpolation polynomials are well-defined, with coefficients in F(s,T), and have the 
property that 


Pfixi,x^ ,X 2 ,X 2 ,...Xn,x„ ;q,t,t'^;s) = 


Pf{xi, .. .Xn;q,t,s) e{X)<n 

0 £{X) > n. 


Moreover, 


P\{{T)q,t,T-s\q,t,T-,s) = 0 

unless A C /i, and 

Pf{{X)q,t,T-,s;q, t, T; s) = (gsT/t)-l^lr(^)g-2"(^')C): (g; g, t)C+{{sT/tf; q, t) 
Proof. Suppose that the claims are known for X < n. Then we can write 


(6.7) 


( 6 . 8 ) 


(6.9) 


( 6 . 10 ) 


for appropriate coefficients G F(s,T); the resulting equations are triangular with nonzero diagonal by the 
inductive hypothesis, and thus P* is well-defined. We cannot yet rule out a pole at T = t", but can certainly 
conclude that only finitely many such poles exist. 

Now, for n > £(k) not hitting such a pole. 


,X 2 ,X 2 ,5) 


( 6 . 11 ) 


is a PC„-symmetric polynomial with leading monomial (since the natural projection is triangular on the 
monomial functions) satisfying the necessary vanishing identities, so must therefore equal the interpolation 
polynomial. 

In particular, for any partition pLif) k, 

P:i{pi)q,t,T-,s;q,t,T;s)=0 ( 6 . 12 ) 

whenever T = for n sufficiently large. But then this identity must in fact hold in F(s,T). Similarly, the 
evaluation a,t pi = k holds for sufficiently large n, and thus for all T. In particular, the diagonal coefficients in 
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the equations for are nonzero in F(s) for any T of the form t", and thus the coefficients have no poles at 
such T. 

Finally, we observe that for n < ^(k), 

K{xi,x^^,X 2 , ... a;„, g, t, f"; s) (6.13) 

is a i?C„-symmetric polynomial vanishing at all partitions /r of length at most n, and must therefore vanish. □ 

The next lemma indicates that the two parameters s and T give only one degree of freedom, up to homo¬ 
morphism. 


Lemma 6.2. We have the plethystic identity 


r-pk _ 


i/fc 


- l/T" 


(6.14) 


P^{;q,t,T;sT')= ([pk + s'^ ^ ^ ^ ] ;q,t,r;sT). 

Proof. The right hand side has leading monomial m\ and vanishes at all the appropriate partitions. □ 


Corollary 6.3. The coefficients of {sT)^^^Pf{;q,t,T;s) lie mF[s,T]. 


Proof. The coefficients of sl''lp^(; g, t, f"; s) must lie in F[s] for n sufficiently large, since the same is true of 
sl'^lp^(”)(;g,t, s). In particular, the coefficients of (sT)I^I.P^(; g, t, t"; sT/t”) lie in F[sT]; applying the homo¬ 
morphism 


^nk _ 


Pk 


Pk- s 


-k < 


±—nk 


-T 


-k 


l-t^ 1 - 

at most enlarges the coefficient ring to F[s,T], and produces {sT)'^^^Pf{-,q,t,T]s). 


(6.15) 

□ 


Remark. In fact, an examination of Pf{{X)) and the homomorphism {X)q^t,T-s further shows that the only 
possible denominator factors are s, T, q, t, and (1 — q^'P) for i, j nonnegative integers, not both 0. 


We now define a slight modification of the Macdonald involution. Recall that the Macdonald involution is 


the homomorphism 

UJq,t.Pk^[ 1) l_^kP^- 

(6.16) 

We rescale this slightly, to give: 

^ qkj2_ -kl2 

U>g,t-Pk^{ 1) 

(6.17) 

thus this acts on ordinary Macdonald polynomials as 



Wg.tPp(;g,t) = b^{q,t) ^{t/q)^f^^^‘^P^,{;t,q). 

(6.18) 


Lemma 6.4. For any symmetric function f and partition p,, 

i^g,tf){{fJ.)t,q,l/T-,-./^/s) = f{{p')q,t,T-,s)- (6.19) 
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Proof. It suffices to prove this for the power-sum functions pk- Now, we find: 


k/2 _ ^-k/2 


1 -q'^ 
— k 




— t 


= ( 1 - 9 '=) ^ P\-’^\sT) 

U,i)ek-' 

1<3<KP) 


— k 


— k 


and 


„ fe /2 _ „- fe /2 1 _ J ' 


fk/2 _ ^—kl2 

The other two terms simplify analogously, and thus 


1-9 


— k ^ _ 'Y'—k 

= S~^ 


1 -1 


-k ■ 


{^q.tPk)(.{p)t,q,l/T--^t/s) = Pk{{fk')q,t,T-,s) 

as required. 

This gives us the following result: 

Theorem 6.5. The interpolation polynomials satisfy 

q,t,T;s)= bf,{q, (; t, q, 1/T ; -y/ffi/s). 

Proof. If we evaluate the left-hand side at {v)t^q^i/T;-./^/sj Ih® result is 

Pp.{{v)q,t,T-s-,q,t,T-, s), 

and thus vanishes unless v D p. It follows that 

i^q,tPti{;q,t,T;s) oc Pf,^{;t,q,l/T;-y/qi/s), 


( 6 . 20 ) 

( 6 . 21 ) 

( 6 . 22 ) 

(6.23) 

(6.24) 

(6.25) 

□ 


(6.26) 

(6.27) 

(6.28) 


with some nonzero constant. Now, by triangularity, we can write 

Pfj.'iP^q^^/T;-Vqi/s) = P^,'i;t,q) + c^P^{;t,q); (6.29) 

similarly, applying ojqt to P^, we have 

Pp.'iP^qP/Pl-'M/P = 

I/</i 

Since conjugation reverses dominance for partitions of the same size, we find that the degree \p\ portion of P^i 
is P^', and similarly for P^. The constant then follows immediately. □ 


Remark. In particular, we obtain a new proof of the leading term limit for interpolation polynomials. 
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Corollary 6.6. For any partitions p, and X, 


Ptii{X)q,t,T-,s-,q, t,T]s) = b^{q, t) q, 1/T ; -y^/s). 


In particular, 



q,t,s 


q,t,s 


A'l 


P'. 


t,q,l/^/^s 





(6.31) 


(6.32) 

(6.33) 


Our second lifting of interpolation polynomials to symmetric functions involves the observation that for 
A C m”, 

( n ^T')P^^lxixi,---Xn;q,t,s) (6.34) 

l<i<n 

is an 5„-symmetric polynomial (without negative exponents). Moreover, we have the following: 


Lemma 6.7. For arbitrary positive integers m,n, and an arbitrary partition A C to", 

(ni<i<n-l PT )Pm'«—l\{xi, . . . Xn-l\ <7, t, s) A„ = 0 


n ^T)P^«-xixi,---Xn;q,t,s) = 

Xn—^0 


l<'i<n 


0 


A„ > 0. 


(6.35) 


Proof. We apply the branching rule; the only term that does not vanish in the limit is the unique term in which 
the degree has been reduced by to, namely 


p*(n-l) 

—X 


(xi,.. 


Xn-i; q,t,s). 


(6.36) 

□ 


With this in mind, we define: 


Definition 4. The virtual interpolation polynomials are the unique symmetric functions Pf{;q,t,Q;s) G A 
with coefficients in F((5, s) such that 


Pf(xi,...Xn;q,t,Q;s) = 




Vi,q”^+^Xi/sQ;q) 


l<i<n 


{qxt/s, sQxijq”^-, q) 


- A {xi,...Xn;q,t,sQ/q"^) 


(6.37) 


for all positive integers to, n such that A C to". 


We immediately see that these are well-defined and that the leading term (now the term of smallest degree) 
is again the Macdonald polynomial. The two kinds of interpolation polynomials are related via the Cauchy 
identity: 

Theorem 6.8. We have the following identity of symmetric functions in 0 Ay: 

^(-l)l^lp;(x; q, t, T; s)P* (j/; t, q, T; s) = ^(-I)I^IPa(x; q, t)Py (y; t, q) (6.38) 

A A 
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Proof. Fix integers m, n > 0. Then we have: 


^(_l)l^lp* (xf\x^\. .. X^'^;q, t, t”; s)Py {yi,y 2 , ■■■ym] t, q, t”; s) 


= i-P^^^Pxixi,X2,---Xn;q,t,s) PJ y‘^P*m_y{yi,y2,-..ym;t,q,s) (6.39) 

= n 2/” n (yj + ^/y3 - x^-^/x^) (6.40) 

l^j^m l<i<n 

= n i^-y3Xi){^-yJ/x^) (6.41) 

l<i<n 

= ■■■Xn^',y, t)P\' (yi, ■ • ■ 2/m; t, q) (6.42) 


The desired identity follows by rationality of coefficients. 


Corollary 6.9. 


Proof. In the sum 


Cjq,tP\{;q,t,Q]s) = bx{q,t) ^{t/q)P''/‘^Py{]t,q, I/Q] -x/qt/s) 


^(_l)Flp*, ( 2 ;. t, q, Q; s)Pf {y; q, t, Q; s) = ^{-l)^^^Py{x] t, q)P\{y] q, t), (6.44) 

A A 

apply Cjq^t to the y variables and Cjt,q to the x variables. We find: 
y](-l)I^IPA'(a;; q, t)Px{y] t, q) = y](-l)l^l&A' {t, q)~^iq/t)P^/‘^Pl{x; q, t, IfQ] -x/^/s){Cbq^tPl[y] q, t, Q; s)), 

X X 

(6.45) 

and thus, taking coefficients of Pf{x-, q, t, 1/Q; —x/P/s) on both sides: 

Px'{y\i,qP/Q]-x/qi/s) = 6A'(t,g)"^(gA)'^'^^(w9,iPX(2/;<?,i,(5;s)). (6.46) 

The desired result is immediate. □ 

Applying the involution to only one of the sets of variables gives another Cauchy identity: 

Corollary 6.10. 

X] bx{q, t){q/t)''^''/'^Pl (x; q, t,T;s)Pf {y; q, t, l/T;x/^/s) = '^{q/t)^^^^'^Px{x; q, t)Qx{y; q, t) (6.47) 

A A 

Corollary 6.11. The virtual interpolation polynomials ean be expanded in terms of Macdonald polynomials as 
follows: 

P;{- q, t, Q; s) = ^(-l)l^l-l/^l ([P* (; t, q, Q; s)]Pa^ (; t, q)) Pa(; q, t) (6.48) 


The bulk branching rule lifts to the following result. 
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Theorem 6.12. For any partition X, 


yfe _ n k _ ^ k 


Pxi[Pk + ^ + i_^-k h<l^'t^T'v/u;s) = ^ ■>p[^/l{u,v; q,t; sT)P*{; q,t,T; s), (6.49) 

/iCA 


where ip'^^^^{u,v]q,t\s) is as in Theorem Mt.fA Similarly, for any partition X, we have the following identity in 
A with coefficients in F(s)[[u, ?;]]. 


yk _ yk 


yk _ yk 


PK[Pk + ^ ]]q,t,Q;s) = Pq ([-j—^];g,i,Q;s) ^ ^\^^l{u,v,q,t;sQ)P*{]q,t,Q;s), 


1 -tk 


mca 


where 


Po([ 


1 -tk 

XB) 


;q,t,Q-,s) = 


j >0 


{Pus, Pqu/sQ, PvsQ, Pqv/s', q) 
{Pvs, Pqv/sQ, PusQ, Pqu/s\ q) 


,y^)t . ^ Cl{qu/ts-q,t)Cl{sv/q-l/q,l/t) ^ 


,k ^,kx //I 4.k 

7 —1— r/ —tttv-^Vmuv' 

j^yqv/LS,q,i,j<^^ 

Corollary 1^2] (evaluation at a “constant”) has the following especially pleasing lift. 


(6.50) 

(6.51) 

(6.52) 


Corollary 6.13. For any partition X, 


.-2»(A) »'(A) Ca(^.V g^ lA) /g.o^ 
Cf:{l/t,l/q,l/t) 


Remark. Corollary 13. Ill is the special case y = t^, z = l/(t" ^xs^). 

We also note the lifted versions of the connection coefficient identity. 

Theorem 6.14. For any partitions X, p,, 


[P*J-q,t,T-,s)]P*^{-q,t,T-,s') = 


Cl{T-,q,t)C°it/TsF;l/q,l/t) 



(6.54) 

k _ Ik 

■Qx/nii ^_^k 

(6.55) 


C°{T;q,t)COy{t/TsF;l/q,l/t) 

\P*(-q t 0-s)]P*(-q t O-F) - C°xiQP/<lP/t)C°pt/Qss'- q,t)^ 

[P, {, q, t, Q, s)\Py {, q, t,Q,s) l/t)C^^{t/Qss'; 

We also have a lift of the bulk Fieri identity, albeit only to the lifted polynomials (for the virtual polynomials, 
there are convergence problems, even formally). 


Theorem 6.15. For any partition p, the following identity holds in (A 0 F(s))[[m, i;]]. 


( y^ Qk( 


ryk _ yk-\ 


1 -tk 


q,t)PK{-, q,t)) P*{; q,t,T; s) 


(6.56) 


k k 

(X!Qk( ;q,t)PKi{p)q,t,T-s;q,t)j'^fj^^^j^{u,v;q,t;sT)Pf{;q,t,T;s), 


AD/x 


where f) 


(P) 

X/fj. 


{u,v; q,t', s) is as in Theorem 
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We close with the following refinement of the fact that the leading terms of the interpolation polynomials 
are Macdonald polynomials. 

Theorem 6.16. The lifted and virtual interpolation polynomials are triangular in the Macdonald polynomial 
basis, with respect to the inclusion partial order. That is, we have the expansions 

Px{',q,t,T]s) = Px{-,q,t) + ^ cx/^Pp.i-,q,t) (6.57) 

mca 

P^i]q,t,T;s) = Pf,i;q,t) + ^ cx/f,Px{;q,t) (6.58) 

AD/i 

for suitable constants c. 

Proof. We first note that by Corollary ion the first claim implies the second. Now, suppose the first claim is 
false, and let A be an inclusion-minimal partition such that Pf{',q,t,T;s) is not triangular. Furthermore, let fi 
be an inclusion-maximal partition not contained in A such that 

[P^i;q,t)]Pfi;q,t,T;s)^0. (6.59) 


We will show that this coefficient is independent of T and s; that it is 0 (giving a contradiction) will be shown 
in the proof of Theorem below. 

By Theorem 16.141 for any fixed T ^ 0, the lifted interpolation polynomials are mutually triangular with 
respect to the inclusion ordering, and thus the minimality of A implies that the coefficient is independent of s. 
On the other hand. 


— 1 1 /T^ — 1 

[Pu{\<l^t)]Px{',<i,i,T-,s) = [P^{-,q,t)]Pl{[pk + s^+ s~^sTf (6.60) 

since this homomorphism is triangular in the Macdonald basis, the maximality of p, implies that 


[P^i;q,t)]Pfi-q,t,T;s) 


[P^i;q,t)]Pfi-q,t,l-,sT), 


and is thus independent of s and T as required. 


(6.61) 

□ 


Corollary 6.17. For any integer n > 0, 

Pfn{;q,t,T;s) = (e„ - e„_ 2 )([pfc - s 
where e_i = e _2 = 0. 




i-t^ 


— S 


1 - 1/t^ 


Proof. It suffices to prove this in the case T — ^. Triangularity then tells us that 

(7 7 '^) — T ^ ^ 


0 <m<n 


for suitable coefficients Cm- On the other hand, we know that 


(6.62) 


(6.63) 


(6.64) 
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The only algebraic relation satisfied by the quantities 


(6.65) 

for 0 < m < n is that e„ = en- 2 , and thus e„ —e „_2 is the only symmetric function satisfying both requirements. 

□ 


7 Symmetric functions from Koornwinder polynomials 


Via the binomial formula, the lifted interpolation polynomials lead immediately to a lifting for Koornwinder 
polynomials. 


Definition 5. The lifted Koornwinder polynomials are defined by the expansion 


ncx 




Theorem 7.1. For any integer n > 0 and partition X, and for generic values of the parameters, 


P:{-,q,t,T;to). (7.1) 


Kx{xp, ...x^'^;q,t,t'^;to,ti,t2,t3) = 


Kf"\xi,.. .Xn;q,t;to,ti,t2,t3) £{X) < 


0 


otherwise. 


(7.2) 


Proof. The claim when £(X) < n is immediate from the binomial formula for ordinary Koornwinder polynomials. 
Thus assume £{X) > n, and consider the term of the lifted binomial formula corresponding to a partition /x. The 
only factors that can lead to a zero or pole at T = are the factors C^{T;q,t) of C'^{T]q,t) of k^(T]q,t), 
and the lifted interpolation polynomial itself. Now, when £{fj,) < n, C'^{t'^;q,t) ^ 0 while Cx{t^]q,t) = 0, and 
thus the /i term vanishes. On the other hand, when £(fj,) > n, we find that 


\im^C°x{T;q,t)/C°^{T-,q,t) (7.3) 

is well-defined and nonzero. In this case, however, the interpolation polynomial itself vanishes. Thus all terms 
in the expansion vanish, as required. □ 


Remark. The genericity hypothesis is necessary when £{X) > n: 

hm^.Ki2(a;i, l/xi; 1, -1, v^, -x/t) = 1, (7.4) 

not 0. However, as long as T is specialized before any of the other parameters, this will not be a problem. 
Indeed, by the following corollary, the only possible problems (for generic q and f) arise when 

C'a {r"'~‘^totit2t3/q; q, t) = 0. (7.5) 


Corollary 7.2. For any partition X, the only possible factors of the denominators of the coefficients of the 
symmetric function 

^2\x\+3n(X)(j+ {(T/t)‘^totit 2 t 3 /q; q, t)Kx{; q,t,T; to, ti,t 2 , ta) (7.6) 

are t and binomials of the form 1 — q^P for i,j > 0. 
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Proof. If we specialize T = for any sufficiently large n, then we obtain an ordinary Koornwinder polynomial, 
in which the only denominator factors that can appear are of the form 1 — q^'P , i,j > 0. Since this is true for 
all sufficiently large n, the result follows. □ 

Remark. We conjecture that, in fact, 

^2\\\+3ni\)(j-(j..^ t)Kx{[pk/il - t)]-q, t, T ; to, to) (7.7) 

has coefficients in Z[q,t,to,ti,t 2 ,t 3 ,T]. (This is true for the leading terms, as in that case it reduces to the 
corresponding integrality result for Macdonald polynomials.) 

Proposition 7.3. For any pair of partitions p, A, 

Kxi{p)q,t,T-,to;q,t,T;to,ti,t2,t3) _ ^M((^)g,t,T;fo i ^0' h) 

kxiQ, t, T ; to:ti,t 2 , ts) k°{q, t, T ; io'.iijh, h), 

where 

to = \Jtot\t2t3/q-, ii = toti/io, i G {1,2,3}. (7.9) 

The symmetries of ordinary Koornwinder polynomials lift; in addition, we obtain new symmetries involving 
T. 


Proposition 7.4. For any partition X, 


kx{-, q,t,T; to, ti,t2, to) = Ka(; 1 /g, l/t, 1 /P; 1 /ti, 1 /^ 2 , l/ia) 

kx{-, q, t,T-,to, ti,t 2 ,t 3 ) = {-l)^^^kx{[{-l)'"pk];q, t, T;-to, -ti,-t2, -to) 


Kx{-,q,t,T-,to,ti,t2,t3) = kx{[pk + 


(t/to)'^ + (t/h)'^ -ko-ti 


a-k) 


;q,t,TtQti/t-,t/ti, t/to ,t2,t3) 


-\/qt -\/qi -\/qi -a/^ 


^0 




^2 


ojq,t{kxi;q,t,T-,to,ti,t2,t3)) = bx{q,t) \t/qy^^^‘^Kx'{;t,q,l/T: 

Furthermore, Kx is invariant under permutations of to, ti, t 2 , to. 

Remark. We note three particularly nice special cases of (TTia : 

kx{-,q,t,T; Vi,-Vi, t2,to) = kx{-,q,t,-T-,-x/i,Vi,t2,t3) 

kxi;q,t,T;t,x/i,t2,t3) = kxi[pk + l];q,t,TVi; Vi,l,t2,to) 

kxi;q,t,T-,-t,-x/i,t2,t3) = kxi[pk + {-l)V, d,t,Tx/i; - Vi, -I,t 2 ,t 3 ). 


ts 


)• 


(7.10) 

(7.11) 

(7.12) 

(7.13) 


(7.14) 

(7.15) 

(7.16) 


Definition 6. The virtual Koornwinder integral lK{\q,t,T',to,ti,t 2 ,to) is the linear functional on symmetric 
functions defined by 

lK{f;q,t,T;to,ti,t2,t3) = [ko{;q,t,T;to,ti,t2,t3)]f. (7.17) 

In particular, we note that when T = t^ , this reduces to the virtual Koornwinder integral defined above: 

lK\-,q,t-,to,ti,t2,t3) = lK{;q,t,t'^;to,ti,t2,t3) (7.18) 
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Again, the specialization of T must occur before any other specialization. For instance, the identity 

= 1 (7.19) 

holds for all values of the parameters. On the other hand, 

hm^/if(e2;g,<,T;±l,±-\/t) = 0. (7.20) 

Again, as long as q and t are generic and C^{t^'^~‘^totit 2 t 3 /q-,q,t) ^ 0, there is no problem. 

Since the set of parameters with T = is Zariski dense, the orthogonality of ordinary Koornwinder poly¬ 
nomials lifts. 


Proposition 7.5. 


lKiKx{;q,t,T-to,ti,t2,t3)Kf,{;q,t,T;to,ti,t2,t3);q,t,T;to,ti,t2,t3) = (5a^7Va(; 9, "T; to, ^2, ^a), (7.21) 


with N\ as above. 

The symmetries of Proposition |^31 carry over to the virtual integral. 
Corollary 7.6. For any partition A and any symmetric function f, 


7ic(/; 1/g, 1/t, 1/T; 1/to, 1/ti, l/t 2 , l/ta) = IkU] q,t,T; to, ^ 1 ,^ 2 , ta) 

/if (/; q,t,T; -to, -ti, -tz, -ta) = /^(/([(-l)''pfe]); Q, t, T; to, ti, ta, tg) 


(7.22) 

(7.23) 


7 if(/;g,t,Ttoti/t;t/ti,t/to,t 2 ,t 3 ) = lK{f{[pk - —|i 37 )—]);g,t,T;to,ti,t 2 ,t 3 ) 

( 7 . 24 ) 

/if (/; t, g, 1 /T; ^^) = /if ((h,.*/; g, t, T; to, ti, t2, to). ( 7 . 25 ) 

Co Cl t2 C3 

Furthermore, Ik is symmetric in to, ti, t 2 , to. 

The next several results are immediate lifts of the analogous results above for ordinary Koornwinder poly¬ 
nomials. 


Proposition 7.7. For any partition A, we have the expansion 


fA 


kl{q,t,T;to:ti,t2,t3) 


p*(. n f T-f ^ [ CCAW, c, ^ , CQ.CI, 1.2, CQj 

^ ’ ’ ’ ’ ° IpJ gMTIt)x/tot^t^t,lq (9, t, IT; to:ti, t 2 , to) 


Alii(; g, t, T; to, ti, t 2 , to) 


(7.26) 


Proposition 7.8. For any partitions k C X, 


Kk{\ g, t, T; tp, ti, t2, tp) 
tc°(<?,t,'r;to:ti,t2,t3) 


Kx{-q,t,T;to,t[,t' 2 ,t' 3 ) 

kliq,t,T;to:t[,f 2 ,t' 2 ) 

kCmca Lw i q,t,{T/t)y^tftftftf/^k°{q,t,T;to:t[,t'2,t'^) 


k°{q,t,T-to:ti,t 2 ,t^ 

tp) 
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Proposition 7.9. For any partition \, one has the following virtual integral. 


iKiPfi; F t, T- to); q, t, T; t,MM. h) = ^ ^ (7.28) 

W <?> t)C'f{THotit 2 t 3 /F; q, t) 


Proposition 7.10. For any partition \, 


K\(]q,t,T]t 3 ,ti,t 2 ,t 3 ) 

k°{q,t,T;to:ti,t 2 ,t 3 ) 


V’i/l(rtoii;<?,t, iT/t)^/totit2t3/q) 


K^{;q,t,T;to,qti,t 2 ,t 3 ) 

k°{q,t,T;to:qti,t 2 ,t 3 ) 


(7.29) 


Proposition 7.11. For any partition 


Kxi;q,t,T;to,tit,t2,t3) 
kl{q,t,T;to-.tit, t2,t3) 


<?, t, {T/f)xjtotit2t3/q) 

k' ^\’ 


Kk{', q,t,T]to,ti,t 2 ,t 3 ) 
k^{q,t,T;to:ti,t2,t3) 


(7.30) 


Proposition 7.12. For any partition \, 


Kx{[pk + t^ + to''];g,t,tr;to,ti,t2,t3) 
kliq,t,tT;to:ti,t2,t3) 


iT/t)x/totlt2t3t/q) 

k' ^X' 


K^,{;q,t,T;tot, ti,t 2 ,t 3 ) 
k^iq,t,T;tot:ti,t2,t3) 

(7.31) 


We next turn to the Cauchy identities. 

Definition 7. The virtual Koornwinder polynomials are the basis of A given by 

T> t 4. n, 4. j. j. j. \ I 1 ^lMl-|A| k^,{t,q,Q]to:ti,t2,t3) 

Kxi;q,t,Q;to,ti,t2,t3) = ^ ts-ti - ^ , , , , ^ 

^x J q.t,i/Qio 9, <5; to--ti,t2, ta) 




(7.32) 


where to = x/toPt^t^. 

The name is justified by the following result, a straightforward verification from the binomial formula. 
Theorem 7.13. If X C vrF , then 

Kx{xi,...Xn;q,t,q’^;to,ti,t 2 ,t 3 ) = a;”"A:^2_A(a;i, • • ■ a:„; g, t; to, ti, t 2 , to) (7.33) 

l<z<n 


The Cauchy identities follow immediately from the inversion formula for binomial coefficients and the Cauchy 
identities for interpolation polynomials. 

Theorem 7.14. ITe have the following identities in X-y 

^(-l)I^I.AA(a;; g, t, T; to, ti,t 2 ,t 3 )kx'iy; t,q,T; to, ti, ta, tg) = ^(-1)1^1 Pa (a;; q, f)Px’ {y, t, q) (7.34) 

A A 


X! k)(^)'^^^^‘^Kx{x] q, t, T; to, ti, t 2 , t 3 )kx{w, q, t, 1/T;^, ^) 

t to tl t2 t3 


= q, f)Qx{y, q, t) (7.35) 
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The special case Kq is of particular interest, as a result of the following integrals (obtained by integrating 
the Cauchy identities): 

Corollary 7.15. 


^k\ n - yj/xi)-,q,t;to,ti,t2,t3) = Ko{yi, ■.. y™; t, g, t”; to, ^i, ^ 2 , ^ 3 ) 


(7.36) 


l<2<n 

l<j<m 


\/¥ \/¥ \/¥. 


Ik\ n (7.37) 

l<^<n ;«) ^0 ^2 t3 

l<j<m 


Corollary 7.16. The following identity holds for all sufficiently small y. 

{qy/toQ, qy/tiQ, qyjt^Q, c^y/t^tit^Q-, q) 


Ko{y;q,t,Q;to,ti,t2,t3) = 


{qy/to, qy/ti, qy/t 2 , q'^y/totit 2 Q‘^-, q) 

8 ^ 7 ( 7 —r-TTi’ 7 "^’ i/Q; <?, qy/t3) 


(7.38) 


iotit2Q^’ totiQ' tot2Q’ tit2Q’ 

Proof. Applying Corollary 15.161 to equation 17.3711 . we see that the identity holds whenever Q = t“”, and thus 
for all Q. □ 


The case T = 0 of the lifted and virtual Koornwinder polynomials turns out to be especially nice. This 
is somewhat surprising, considering that the binomial formula behaves very badly in that case: a rather large 
amount of cancellation is required to eliminate the apparent singularities at T = 0. The key to dealing with 
the T = 0 case turns out to be the inner product. 


Definition 8. Let y and a be sequences of complex numbers, such that iR.{aj) > 0 for all j. Then the Gaussian 
functional /G'(;/i;cr) is the linear functional on symmetric functions defined by 


iG{f;y;cr) = [ f 

jRdogC/) 

in particular, /g)!;/^;^) = 1. 


(Sttctj) 


[Pj Uj) / 2 c''j 


dpj] 


(7.39) 


l<i<deg(/) 


This has a probabilistic interpretation: Ic{f\y](j) is the expected value of / if the power sum functions 
Pk are independent and normally distributed random variables with mean pk and variance Cfe. In particular, 
/g(/; /r; cr) is polynomial in p and cr; we extend it to arbitrary p and tr accordingly. 

Our reason for introducing Gaussian functionals is the following theorem. 

Theorem 7.17. For any symmetric function f, 

Ixif] q, t, 0 ; to, ti,t2, ts) = laif-, PI cr), ( 7 . 40 ) 


where 


P2k-1 

P2k 

CTk 


±2k—l _|_ i2k—l _|_ i2k—l I i2k—l 

1 - t2fe-l 

tl’^ + tf + tf + ff -l-t^ -q^ - (qt)'^ 
1 — t2fe 

1 — 


(7.41) 

(7.42) 

(7.43) 
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Proof. Since lK{f) is a rational function of the parameters for any /, it suffices to consider the limit 

lim Z~^ [ f{xf^)wP{x-q,t-to,ti,t 2 ,t 3 )dT (7.44) 

n—>-oc) J 

after expanding the integrand as a formal power series in the parameters. 

Now, if <7 = t = to = ^1 = ^2 = ta = 0, reduces to the distribution function for the eigenvalues of a 
(Haar-distributed) random symplectic matrix. It follows from Theorem 6 of (see also |21 Section 8]) that 

/ [x; 0, 0; 0, 0,0, 0)dT 


f w^j^\x;0,0;0,0,0,0)dT 




(7.45) 


where ~ ~ ‘^k ~ sufficiently large n. Thus for any power series / with coefficients 

in A, we have the formal limit 


lim iP (/; 0,0; 0,0, 0,0) = /g(/; 


Now, we have 

wPix;q,t]to,ti,t2,t3) 

w^^(a;;0,0;0,0,0,0) 


(7.46) 


(7.47) 


Kk 


{q; q) ” n ( -^7r7rZ^P2fe(a:f') + 


,±1\ I ‘•0 w 1^1 -r 1-2 w 1.3 (+1\ Q —t 2f+l' 


-Pk{xf ) - 


' ' k{l-q>^) ^ ^ * ' 2k{l-q>^) 

This combines with the Gaussian density from Icif] cr(°)) to give the desired Gaussian density. 

In the sequel, we will evaluate the Gaussian integral via the following expansions. 

Lemma 7.18. ITe have the following integrals: 

r /TT {tXjyk-,q) _ . f.. . . . X _ TT {tXjXk;q) tt-_ {ixf,q) _ 

^ {xjyk\q) ’ ’ 0’ 1’ 2, 3 y {xjXk-,q) {toXj,tiXj,t2Xj,t3Xf,q) 


PkiXi ) . 


□ 


j,k 


lK{Y[il + Xjyk);q,t,0;to,ti,t2,t3)y = J| ^ ■ 

3,k 3<k WXk,t) ^ 


j<k ' - J 

{qXjXk;t) -r-r {-toXj,-tiXj,-t 2 Xj,-t 3 Xj;t) 


{xf,t) 


(7.48) 

(7.49) 

□ 


Proof. Complete the square in the Gaussian integrals. 

The lifted Koornwinder polynomials for T = 0 are given by the following generating function. 

Theorem 7.19. ITe have the following identity in A.^ (8> Ay. 

E m t ( + r, + + + + \ TT i^Xjyk\q) tt- {xjXk]q) tt {toXj,tiXj,t2Xj,t3Xj-,q) rn\ 

Proof. It is equivalent to show that the polynomials 

{tXjyk]q) YJ {xjXk-,q) yj {toXj,tiXj,t2Xj,t3Xj;q) 


K'xiy) = [QA(x;(7,t)]]^ 


n yxjXkj q) -pr 

(inr nriP n\ J- A 


{Xjyk]q) fP {tx,Xk]q) ^ 


{txf,q) 


(7.51) 
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are orthogonal with respect to the inner product 7^(; g, t, 0; to) ^i) ^ 2 ) ^ 3 )- Evaluating the integral 


/a-ji 

j;k 


{tXjyk,tZjyk;q) Yj {xjXk, ZjZkiq) i^oXj,tiXj,t2Xj,hXj,toZj,tiZj,t2Zj,hzf,q) 

11 - ;q,t,Q-M,ti,t2,h)v 


{xjyk,Zjyk-,q) {tXjXk,tZjZk;q) 

J<.K 


{txltzf,q) 


using Lemma TTM produces the result 


n ='^Q\ix;q,t)Px{z;q,t); 

A A {xjZk;q) V 


j,k 


it follows that 


Ik{K'\K' ■q,t,Q\tQ,ti,t2,h) = 6xf,bx{q,t) 


-1 


(7.52) 

(7.53) 

(7.54) 

□ 


Remark 1. Note, in particular, that 


Nx{q,t,0;to,ti,t2,t3) = bx{q,ty 


(7.55) 


as required. 

Remark 2. The special cases 


(g, t] to, ti,t 2 , h) ^ (g, g; 1, -1, y/q, - V?) (7.56) 

(g, t; to, ti,t2, to) 1 -^ (g, g; g, -g, ^g, -^g) (7.57) 


correspond to the Cauchy identities for orthogonal and symplectic characters, respectively; in those cases, the 
lifted Koornwinder polynomials are independent of T, and equal to the “virtual characters” surveyed in section 
5 of [ 53 . Similar comments apply to the T — 0 results below. 

By duality, we obtain: 


Corollary 7.20. We have the following identity in Ax^ Ay. 


^Py{x-,t,q)Kx{y;q,t,0-,to,ti,t2,t3) = Y[i^ + Xjyk)Y[Y^^^^^Yl- ^ 


{foXj , t\Xj , t 2 Xj , toXj , t) 


(7.58) 


Comparing this with the Cauchy identity, we find: 

Corollary 7.21. The virtual Koornwinder polynomials are, when T = 0, given by the formula 


kx[x-, q, t, 0 ; to, h,t2,to) = n 

{xyq) {xjXk-,q) 


Proof. Here we use the fact that if a; is a formal variable, then {x; q){x/q; 1/g) = 1. 


(7.59) 

□ 


The generating function also gives us the following branching rule. 
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Theorem 7.22. For any partition X, we have the following identity in JXy. 


K\{x,y,q,t,0-,to,ti,t2,t3) = ^ Px/f,{x;q,t)Ky{y-q,t,0;to,ti,t2,t3). 

/iCA 


(7.60) 


Proof. We have 

X! t)Kx{x, y; q, t, 0; to, ti, ^ 2 , Q, t)PiJ.{x) ^ Qx{z; q, t)Kx{y, q, t, 0; to, ii, ^ 2 , ^a)- (7-61) 

A fi X 

Taking coefficients of Qk{z; g, t) and Kv{y, q, t, 0; to, ti, t 2 ) ^a) gives 

[K,,{y; q, t, 0; to, ti, t 2 , ta)]Ar„(a;, y, q, t, 0; to, ti, ^ 2 , ta) = '^[Qf,{z; q, t)]{Qfj,{z; q, t)Q^{z-, q, t))Pf,{x) (7.62) 




(7.63) 

□ 


Setting y = 0 gives us the following expansion. 

Corollary 7.23. For any partition X, 

Kx{-,q,t,0;to,ti,t2,t3) = Px/y{-,q,t)Kf,{0-,q,t,0;to,ti,t2,t3). (7.64) 

/iCA 

The following is then immediate from the fact that [P„ ]P\/n = 0 unless k C A. 

Corollary 7.24. When T = 0, the lifted and virtual Koornwinder polynomials are triangular in the Macdonald 
polynomial basis, with respect to the inclusion partial order. 

This allows us to finish the proof of Theorem 16.161 as well as prove a corresponding result for Koornwinder 
polynomials. 

Theorem 7.25. The lifted and virtual Koornwinder polynomials are triangular in the Macdonald polynomial 
basis, with respect to the inclusion partial order. 

Proof. Let A and p, be chosen as in the proof of Theorem Recall that we had shown there that the 

coefficient 

[Pyi-q,t)]Pfi-,q,t,T-s) (7.65) 

is independent of s and T, and still need to show that it is 0. From the binomial formula, it follows that 

[Pui'^<l,t)]Kxi;q,t,T-,to,ti,t2,t3) = [Pf,{-, q,t)]Pf{-, q,t,T-,to) (7.66) 

It thus suffices to show that the left-hand-side is 0 for some value of the parameters. Taking T = 0 suffices, by 
Corollarv l7.24l and thus Theorem 16.161 holds. The present result follows from the binomial formulas. □ 

The branching rule also implies the following expansion. 
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Corollary 7.26. For any partition X, 


Px{\= Y ^k{Px/ij.{x-, q, t); q, t, 0; to, ti, ta, tg).^^); q, t, 0; tg, tg, t 2 , tg) 
mca 

(7.67) 

Proof. We observe that 



Y P>^/ui^'^ 9, q, t, 0; tg, ti, t 2 , tg) 

/iCA 

= k^{x, y, q, t, 0; to, ti, t 2 , tg) 

(7.68) 


= X! P^/uiy'^9,t)kfj,{x-,q,t,0-,to,ti,t2,t3). 
ucx 

(7.69) 

Integrating the y variables gives the desired result. 


□ 


The fact that the T = 0 branching rule is independent of to, ti, ^ 2 , ts is related to the following plethystic 
symmetry, which follows easily from the generating function. 


Theorem 7.27. For any partition X, 


K\{] q, t, 0; tp, ti, t 2 , t^) — K\( 
In particular, 


Pk + 


_i_ _i_ _i_ j.k ilk J./A; j./fc i/k' 

Lq L-y 1^2 -r 63 Lq Li 62 63 

1 - 


;q,t,0;to,ti,t2,t3). (7.70) 


kx{;q,t, 0 ]tQ,ti,t 2 ,t 3 ) = 

mca 


1 ; q, t)kf,i; q, t, 0; to; ti, ta, tg). 


1 - t'^ 


Remark. The special case tg = tot gives 


kx{-q,t,0-tot,ti,t 2 ,t 3 ) = t|Jx/^,iq,t)tl^^^^k^{■,q,t,0■,to■,tl,t2,t3), 

ucx 

a limiting case of Theorem l,^.2()l Similarly, 

kxilpk + to+ to%q, t, 0; to, ti, t 2 , tg) = Y V'A//.(<?, t)to+ tg]; g, t, 0; to, tg, tz, tg) 

mca 

= X! V'A//.('7,i)io'^^'''■^/.«(;g,i,0;tot,ti,t2,tg), 
mca 


(7.71) 

(7.72) 

(7.73) 

(7.74) 


a limiting case of Theorem l5.21l (In fact, these identities are what originally suggested that something like those 
theorems should be true.) Compare also the plethystic symmetry of lifted Koornwinder polynomials (equation 

(TTr^ b 

The Fieri identities are also nice when T = 0. 


Theorem 7.28. For any partition X and integer n > 0, 


(X! '^"’9n)kx{-, q, t, 0;to, ti, t 2 , tg) (7.75) 


{tu'^;q) 

(toU,tiU,t2M,tgU;g) 


Y q, t, 0; to, ti, t 2 , tg) 
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Proof. Let fx denote the left-hand side, and consider the generating function 


q, t, 0; to, t3)]f\)Q\ix-, q, t)Pf,{y; q, t). 

X.ji 


(7.76) 


Writing 


q, t, 0; to, ti,t 2 , toYifx = b^{q, t) Ik{K^{-, q, t, 0; to, ti,t 2 , t3)f\-, q, t, 0; to, ti, ^2, ta), (7.77) 


we find that the generating function can be written as a Gaussian integral. Applying T;ermna, l7.1 81 we find 
q, t, 0; to,ti,t2,t3)]fx)Qx{x; q, t)P^{y] q, t) 

X.fL 

{tu^-,q) 


(7.78) 

{toU,tiU,t2U,t3u;q){uXj,uyf,q) ^ 

^ - q'j 

HE E 'hMo.t}PAy.i,t). 

y X)^iy 

(7.79) 


Comparing coefficients of Qx{x-,q,t)Pfj,{y,q,t) on both sides gives the desired result. 
Similarly, 

Theorem 7.29. For any partition A and integer n > 0, 

(^ u'^en)K\{-, q, t, 0; to, ti,t 2 , to) 

n 

_ j-tpU, —tlU, —t2U, —tpu', t) ^|A|-2|i/|-|-|/i|,^/ 


□ 


(w2;t) 


(7.80) 

Fx/uiq^ q, t, 0; to, ti, ^2, ta)- 


If' ~=^X' 
fl'yy' 


8 Vanishing conjectures 

If we substitute (toj fij ^2, ta) {iVt,±x/qt) in equation (IT^ . the right-hand side becomes 

{txjxyq) 


n 

j<k 


{xjXk-,q) 


( 8 . 1 ) 


This is the right-hand side of a generalized Littlewood identity due to Macdonald [T^ Ex. VI.7.4]; we thus 
obtain the following proposition. 


Proposition 8.1. For any partition A, 

IK(.P\{^,q,t);q,t,Q■,±^/t,±^/qi) = 0 

unless A is of the form pf, in which case 


lK{P^^{;q,t);q,t,0;±Vi,±V^) = 


C'u {qt; q, f 


Cf, {P-,q,P) 


( 8 . 2 ) 


(8.3) 
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The dual identity is also related to an integral. 

Proposition 8.2. For any partition X, 

q, t);q, t, 0 ; ± 1 , ±Vi) = 0 

unless A is of the form 2fi, in which case 

lKiP2tJ.i',q,t)-,q,t,0-,±l,±Vi) = • 

Cf, {t;q^,t) 

This leads us to formulate the following conjectures. 

Conjecture 1. For any partition X, 

lK{Px{;q,t);q,t,T;±Vi,±V^) = 0 

unless X is of the form pf, in which case 

C°{T'^-,q,t'^)C-{qt;q,t'^) 


(8.4) 


(8.5) 


IK(Pf,^{;q,t)■,q,t,T■,±Vi,±^/^) = 


C°iqT^/t]q,f^)Cf, if^;q,t^) 


Conjecture 2. For any partition X, 

Ik{Px{', q-,t)-, q,t,T-,±l,±y/t) = 0 
unless X is of the form 2p, in which case 

C°{T^;q^,t)C-{q;q^t) 


lK{P 2 ^i{'-,q,t)-,q,t,T-,±l,±x/i) = 


( 8 . 6 ) 


(8.7) 


( 8 . 8 ) 


(8.9) 


C°{qT^/t;q‘^,t)C^, {t;q‘^,t) 

(Note that these conjectures are equivalent, by duality.) The vanishing of these integrals is, of course, a 
natural conjecture; the nonzero values will be justified below. 

Proposition 8.3. Conjecture^ is equivalent to the following claim: For all integers n > 0 and partitions X 
with £{X) < 2n, 

^K^(^A(a;f\.--a;^^g,0;9,^;±Vi,±v^) = 0 (8.10) 

unless X is of the form pf. 

Proof. The given claim is the specialization T = t" of the vanishing part of Conjecture^ and thus by rationality 
is equivalent to the vanishing claim. It thus remains to show that vanishing implies 

C°{t'^;q^,t)C-{q]q‘^,t) 


PkPPu^ ^ <?, t); q, t; ±Vi, ±v^) = 


C°{qt^ i;g^t)C'^ (t;(3'2,t) 


( 8 . 11 ) 


Suppose this is true for /r C A, and choose p C X so that \X/p\ = 1. Let v be the unique partition such that 
p^ Cv C. X^. Now, Cl — e 2 n-i is in the kernel of the homomorphism / f{x^^,... and thus 

■ ■ ■a;^^);g,t;±Vt,±v^) = I^^\{e2n-iP,,{]q,t)){x^^,.. .x^^;q,t)]q,t;±Vi,±y^), 

( 8 . 12 ) 
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Now, if we expand each side via the Fieri identity, only one term on each side has a nonvanishing integral; we 
thus find 


^ ^ 9: ± A = V’(i 2 n+^ 2 )/^/]f ^ {Pf ,2 (a;^\ t); q, t; ±Vi, ±V^). 

(8.13) 

Solving this for 

■ ■■x^^);q,t;±Vi,±V¥) (8.14) 

gives the desired result. □ 

Remark. Compare the computation of the nonzero value of the Macdonald inner product in [T^ Section VI.9], 
and the computation of the nonzero value of the Koornwinder inner product in m 

For the other version of the conjecture, we have the following refinement. 

Proposition 8.4. Let m be a nonnegative integer. Then the following claims are equivalent. 

• Conjecture\^ holds for all partitions A with Ai < m. 

• For all integers n > 0 and partitions A C 

Ip (Pxixf^, ...x^^;q, t); q, t; ±1, ±Vi) + 1,-1; q, t);q, t; ±t, ±Vi) = 0 (8.15) 

unless A is of the form 2p. 

• For all integers n > 0 and partitions A C 

Ip (Pxix^^, ... 1 ; q, t);q, t\t, -1, ±Vi) + lP{Pxixf\... -1; q, t); q, t; 1 , -t, ±Vi) = 0 (8.16) 


unless A is of the form 2p. 

Proof. First, assume the vanishing portion of Conjecture[21 We cannot directly specialize T t", since this is 
a case in which the order of specialization is important. A consideration of possible poles shows that the only 
partitions for which 

kx{xf ^,. ..a:^^q,t,r;±l,±Vt) (8.17) 

is ill-defined are the partitions A = 1^ for n + 1 < k < 2n. In this case, we find (by the Cauchy identity, say) 
that 

iFi.(;g,<,T;±l,±v^) =efe (8.18) 

for all fc, independent of T. We thus find that 

iP (iFi. (x±\ ... ; g, t, T; ±1, ±Vi) = 0 (8.19) 


unless k = 2n. It follows that for £(A) < 2n, 


iPiPxi^ 


.± 1 . 


1 5 • 


q,t)-q,t]±l,±Vt) = liin^lKiPxi',q,t)-,q,t,T]±l,±Vi). 


( 8 . 20 ) 
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Similarly, by the plethystic symmetry of Koornwinder integrals, 


= \im^lKiP\{[Pk + 1 + (-1)'']; g, t); g, t, T; ±t, ±Vt) (8.21) 


= \im^lK{P\iPk;q,t);q,t,T;±l,±Vi), 

while for £{X) < 2n + 1, 

li!^\Pxix^^,...x^^,l;q,t)-q,t;t,-l,±Vi) = lim lK{P\i]q,t)]q,t,T;±l,±Vi) 






More generally, if A = fc^" + p with £(/r) < 2n, 

H-PA(a;f \ • ■ • x^^\q, t);q, t\ ±1, ±Vi) = Jini_^ Ik{P^j.{] q, t); q,t,T; ±1, ±Vi) 






and if A = + p with i{p) <2n+ 1, 




±1 


„±r 


l-,q,t)-,q,t;t,-l,±Vi) = lim /k(P^(; g, t); g, t, T; ±1, ±Vi) 


^"^\Px{xf^,...x^^j^,-l]q,t)-q,t]l,-t,±Vi) = (-1)^ lim /k(P^(; g, t); g, t, T; ±1, ±\/t). 

J'^tn + 1/2 




( 8 . 22 ) 

(8.23) 

(8.24) 

(8.25) 

(8.26) 

(8.27) 

(8.28) 


Thus the vanishing portion of Conjecture [21 is equivalent to the other two claims. 

It remains to consider the nonzero values of the integrals. We consider the 2n version; the other is analogous. 
It suffices to consider 

i,-i;g,i);g,i;±i,±v^) (8.29) 


when A is an even partition with Ai < to, €(A) < 2n. Let p G Xhe any partition such that pi < m and X/p is a 
horizontal strip. There is then a unique even partition v such that pjv is a horizontal strip. Now, the function 


(^|A//i| P ^2n—\X/ fi\)PfJ>{: q^^) ■ (8.30) 

is annihilated by the integral, since 

(e|A/M| +e2n-|A/^|)(a;?l,---a;^-i,l,-l) = 0. (8.31) 

On the other hand, every term P„(;g, t) in the Fieri expansion has ki < to, and thus the only nonvanishing 
terms are 

V'a/m^a(; g, t) + '0(i2n+,,)/^Pi2„+,,(; g, t) (8.32) 

(plus an additional factor of 2 if |/i/iA| = n). Solving the resulting recurrence gives the desired nonzero values 
of the integral. □ 

We can show these conjectures in a number of special cases. We begin with the Schur case. 

Theorem 8.5. Conjectures^ and\^ hold when q = t. 
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Proof. We apply the propositions, and observe that the resulting integrals can be expressed in terms of integrals 
over classical groups. To be precise, the q = t cases of the conjectures are equivalent to the claims 


/ sx{U)dU = 0 unless X = 

JueSp{ 2 n) 


s\{U)dU = 0 unless A = 2/x, 


(8.33) 

(8.34) 


JUeO(n) 

where the integrals are with respect to the corresponding Haar measures. These follow from the theory of zonal 
polynomials [T^ Chapter VI], or equivalently from the theory of symmetric spaces [3] (specifically U (2n) /Sp{2n) 
and U{n)/0{n)); this also shows that the integrals are 1 when nonzero, agreeing with the general formula. □ 


Remark. In fact, our original motivation for the above conjectures was to generalize these results to Macdonald 
polynomials. The connection to generalized Littlewood identities was then suggested by the results of |21 Section 
5]. 

The theory of zonal polynomials gives us another special case. 

Theorem 8.6. Conjecture^ holds in the case {q,t) ?)■ Conjecture\^ holds in the case {q,t) 

lim,^i((7, g2). 


Proof. The expression of zonal polynomials in terms of Jack polynomials gives, for partitions qi with £(fj,) < n, 

(8.35) 

S 2 p,{AU) oc lim Pfj,{AA*A*; g), (8.36) 


s^ 2 {AU) oc lim. P^[AJA^-,q,q^) 

U&Sp{2n) 9^1 


UeO(2n) 


q^l 


where J is the symplectic inner product; the integrals vanish on Schur functions not of the stated form. Now, 
consider the integral 

f [ sx{UU'). (8.37) 

JueSp{n) JU’eO{2n) 

This vanishes unless A has both the form 2k and the form k^; that is, unless A = 2/i^ for some p. Thus the 
integrals 

f lim Px{UU*;q^,q) and f lim Px{UJU*;q,q'^) (8.38) 

Ju^Sp{2n) 9^1 J(7GO(2n) 9^1 

vanish unless A has the form fjf and 2/i respectively. As these can be written as integrals over the spaces 
Sp{2n)/U{n) and 0{2n)/U{n), we can express them as limiting cases of Koornwinder integrals (more precisely, 
Jacobi integrals); the theorem follows. □ 


Remark. Since the theory of zonal polynomials extends via quantum groups to the cases Pa(; g, g^), P\{',q^,q) 
(without limits) it should be possible to extend this argument accordingly. 

We next turn to special cases with generic parameters, but for which A has been constrained. 


Theorem 8.7. Conjecture^ holds if Xi < 1; Conjecture\^holds if £{X) < 1. 
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Proof. We consider the second claim; the first will follow by duality. We thus need to show, for u a formal 
variable: 

T 4_1 4_ 2fc {T\q^)k{qt\q^)k 

Ik{ 2 _^u gk;q,t,T-±l,±\/t) = 2^r 

k k 

In fact, we claim that, more generally, 


{qT/t-,q^)k{q^-,q^)k 


= 2MT,qt;qTyt-q\u^). (8.39) 


IkC^ u^9k] q,t,T- ±a, ±Vi) = 2(^1 (T^, qt/a^; P'^qa^/t-, u^a^). 


By rationality, we may assume T = for some integer n > 0. Then 


lK('^u''gk;q,t,T;±a,±Vi) = 


(") ^TT . 

(uxf^;g) ’ 


q,t;±a,±\/t) 


^ ^(t-("-i)/2nx±i;g)’^’ ’ ’ ^ 

(T^a^u^,T^u^t; q^){vft^Ta?‘/t] q) 

^ (a2u2, uH; q^){tTu^, a^T^/t; q) 

sWr{tTu'^/q-,tu/a, —tu/a, Viu, —Viu,T\q,Ta^b'^/t^), 


(8.40) 

(8.41) 

(8.42) 

(8.43) 

(8.44) 

□ 


as long as |a^&^T/t^| < 1. The claim follows by quadratic transformation (equation (3.5.4) of |Zj). 

Remark. The conjectures can thus be viewed as multivariate analogues of quadratic transformations. 

The same argument shows that Conjecture El holds whenever Ai < 1. It turns out that we can show 
something much stronger; to do so, we will need yet another equivalent form of the conjectures. 

Theorem 8.8. Let m be a nonnegative integer. Then the following statements are equivalent. 

• Conjecture\^ holds for all partitions A with Ai < m. 

• For all integers n > 0, we have 

[Pxixi ,... X™; q, t)]{xi... XmT^'^PnJf q,t) = 0 (8.45) 

unless X = fjf for some g, where Pnuf (; 9; t) the Dm-type Macdonald polynomial associated to the weight 


nujm = (n/2,n/2,... n/2). 


(8.46) 


Proof. We will show that the second claim is equivalent to the second and third claims of Prooositiou 18.41 By 
orthogonality of Koornwinder polynomials, these may be written in the form 

{Ko^\xi,. .. Xn, q, t; ±1, ±Vi)]P\{xf'^ , ...x^^;q, t) 

+ [K^'^~^\xi,... x„-i; q,t; ±t, ±Vi)]Px{xf^,... x^^.^^,!, -1] q,t) = 0 (8.47) 
[K^J'\xi,.. .Xn-,q,t;t, -1, ±Vi)]Px{xf'^ , ...1; g, t) 


+ [77^"^(xi,... a;„; g, t; 1, -t, ±Vi)]P\{ 


^±1 ^±1 


-l;g,t) = 0 (8.48) 
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(unless A = 2/i). By the Cauchy identity for Koornwinder polynomials, we compute 


...Xn; q, t] ±1, ±Vi)]Pxixf^, ...x^^;q, t) 

= {-l)^^^[Py{yi,...ym;t,q)] y^K^J^\yi,.. .ym;t,q;±l,±Vi) (8.49) 

l<j<m 

(a;i,... Xn-i;q, t; ±t, ±Vi)]P\{xf^,... x^^^, 1,-1; q, t) 

= (-i)i^i[PA'(j/i,.-.2/m;t,g)] n (8.50) 


l<j<m 


[K^^\xi, ...Xn, q, t; t,-l, ±Vi)]Pxixf\ . ..x^^, 1; q, t) 


(8.51) 


= (-i)|^|[Pa'(2/i,• ■ •2/m;c<7)] n ■ ■ ■ym',t,q',t,-^,^'^) 

l<j<m 

[K'^^\xi, ...Xn, q, t-, 1, -t, ±Vi)]Pxixf\. ..xt^,-l-, q, t) (8.52) 

= (-l)l'^l [Pa' {yi,... 2/m; t, q)] J| {yi, ■■■ym', t, q; l, -t, ±Vi). 


l<j<m 

By the considerations of I 2 ni Section 5.4], we find 

K^^\yi,... ym-, t, q-, ± 1 , ±x/i) + {yj^ - yj)KiZ\yi, ...ym', t, g; ±t, ±Vi) = PZZn,iyi\ ■ ■ ■ 2/m^ t, '?)> 

l<j<m 

(8.53) 

and similarly 


(8.54) 


n (yj -yy‘^)K^\yi,...ym-,t,q;t,-l,±Vi) 

l<j<m 

+ n + y]^^)K^r^\yi, ...ym-,t,q-,-t,l,±Vt) = P( 2 ;^+l)^(^/^^ • • ■ 2/m^ 

l<j<m 

The theorem follows. □ 

Corollary 8.9. Conjecture^holds whenever i{X) < 4; Conjecture\^ holds whenever Ai < 4. 

Proof. By the theorem, we must show that 


[PA(a:i, ...xr, q, t)]{xi... X 4 :r/‘^P^J^{x^ ^,...x^^;q,t) = 0 (8.55) 

unless A is of the form /i^. Now, the triality automorphism of P 4 (which still applies in the Macdonald setting) 
implies the identity 

{xiX2X3X4)^/‘^P^J^{xf^,...xf^-,q,t) = vJ^Pn^iu , xxx^ju, xix^ju, xiX 4 ,lu-, q, t), (8.56) 

= u"Pr)j^^(u, a;ia;2/'u, a^ia;3/u, xia;4/w; g, t; ±1, ±A/g), (8.57) 

where u = ^xxx^x^x/^. By triangularity, this is a linear combination of the polynomials 

u”Pfc((it)=^\ (xxx^luf^^, (xxx^ju)^^, {xxx^lu)^^-,q, t) (8.58) 
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for fc < n; by symmetry, only those k having the same parity as n occur. Since for £{X) < 4, 

..X4) = Pi4+a(xi, . ..X4), (8.59) 

preserving the constraint X = we find that it suffices to show that 

[P\{xi,X 2 , ...X 4 - g, t)]u'" Pk{{u)^^, {xiX 2 /u)^^, (xixs/u)^^, {xiX 4 /u)^^]q, t) (8.60) 


for X y£ fP. Now, we have the generating function 


v^u^Pkiiu)^'^, {xiX2/u)^'^, (xixs/u)^'^, {xiX4/u)^^;q, t) 
k 


{tvXiX2X3X4,tV7 tvXiX 2 ,tvXiX 3 ,tvXiX 4 , tvX 2 X^,tvX 2 X 4 ,tvX 4 X 4 ] q) 

{vXiX2XzX4^ V, VXiX2,VXiX3, VX1X4, VX2X3,VX2X4, VX3X4; q) 


{tvxiX2X3X4, tv; q) 


Cn {k,q,t^) 


(?;a;iX2a;3a;4, v; q) {q; q, P) 


^)i2(a;i,X2,a;3,a;4;g,t), 


(8.61) 

(8.62) 


by Macdonald’s generalized Littlewood conjecture. The factors out front have no effect on the vanishing 
requirement; the corollary follows. □ 


Remark. In particular, the conjectures hold if |A| < 5. 


We observed above that the case g = t of Conjectures ^ and [3 follows from the theory of symmetric 
spaces, specifically the spaces U{2n)/Sp{2n) and U{n)/0{n). It is thus natural to wonder whether one can 
formulate similar conjectures for other symmetric spaces. This indeed is the case; for instance, the analogous 
“conjecture” for spaces of the form G x G/G results is simply the orthogonality of the Macdonald polynomials 
for the associated root system. For the other classical symmetric spaces, the situation turns out to be more 
complicated, as we shall see below. 

One approach to generating such conjectures is simply to make an educated guess based on the form of the 
integral for q = t. For the Grassmannian U(m + n)/U{m) x U{n) with m < n, the Schur case is 

[ sx{Ui © U2)dUidU2 = 0, (8.63) 

JUieU{m),U 2 eU{n) 

unless the dominant weight A oi U{m + n) satisfies 

Xi + Xm+n+i-i = 0, 1 < z < m (8.64) 

Ai = 0, m+l<z<n — TO, (8.65) 

in which case the integral is 1. This condition can be stated more concisely as A = pjl for £{fj,) < to, where pV 
denotes the dominant weight of U{m + n) with positive part /i and negative part O'""*"" — v. This immediately 
suggests the following conjecture. Here and for the remainder of this section, we take the convention that a 
factor 1/Z in front of an integral of a Macdonald or Koornwinder polynomial over a weight function is the 
constant that makes the integral 1 when the polynomial is trivial. 
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Conjecture 3. Let m and n be integers with 0 < m < n. Then for a dominant weight fiiy of U{m + n), 

(x,/xj;q) -pr iVi/yjiq) tt dxi -pr dyi 




yi-i ■ • ■ Vn) 




{tx,lx,-q) 


n 


n 


unless y = V and £{p) < m, in which case the integral is 

C- (g; q, t)C+it^+^-^q-, q, t)C°{t^,t^-q, t) 


Cfd {t-q, t)C+ 2t; g, t)Cl{qt'^-\ gt—1; g, t) 


= 0 
( 8 . 66 ) 

(8.67) 


Remark 1. Unlike Conjectures ^ and |2 (as well as the other conjectures below), the nonzero value here has not 
been computed via Fieri identities, but has merely been guessed from low-order examples. 

Remark 2. There is an obvious analogue for Koornwinder polynomials (related to the Grassmannians 0{m + 
n)/0{m) X 0{n) and Sp{2m + 2n)/Sp{2m) x Sp{2n)) but we have not been able to test it enough to justify 
making a formal conjecture. 

The reason why it was relatively easy to formulate conjectures for the spaces U{n)/0{n), U{2n)/Sp{2n) is 
that in those cases, the rank of the smaller group is about half the rank of the bigger group. This, for instance, 
is what allowed us to compute the nonzero values via Fieri identities. In the remaining cases, the rank differs, if 
at all, by only 1, and thus the vanishing condition is not enough to determine the weight function. In a number 
of cases, however, the small group is most naturally taken to be disconnected, and while the rank of the identity 
component is indeed large, the effective rank of the nonidentity component is often much smaller. 

The simplest example of this is the case U{2n)/U{n) x U{n). As the stabilizer group of a symmetric space, 
U{n) X U{n) is the subgroup preserved by an involution acting on U(2n); to be precise, it is the centralizer of 
the element 

/n \ 

( 8 . 68 ) 


0 


0 


Now, the element 


0 


(8.69) 


while not preserved by the involution, is at least preserved up to sign; furthermore, it normalizes U{n) x U{n), 
acting by switching the two unitary groups. If we integrate a Schur function over the corresponding coset of 
U{n) X U{n), the integral vanishes on the same weights, and evaluates to ±1 where nonzero. To extend this to 
the Macdonald case, we observe that the eigenvalues of an element of this coset come in ± pairs; we thus wish 
an integral of the form 

dxi 


J Pfw{±yTii^,±^/x2,-■ ■ ^ 


2TTy/^l 


(8.70) 


l<_ 7 <n 

vanishing unless p, = v. Since 

ei(±y^, ±-yir2, • • • ± y^) = 0, (8.71) 

the Fieri identity argument applies here, and thus the weight function (if it exists) is unique. By examining 
low-rank cases, we are led to the following conjecture. 
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(8.72) 


Conjecture 4. For any integer n>0, and any dominant weight ofU(2n), 


1 

Z 


Pfj,T7{±y^,±y^,-■ ■ ± y^;q,t) 


{PxitXj;q^) 


n 


dxi 

2'iT\/^^Xi 


= 0 


unless fj, = V, when the integral is 

(-l)I^IC'- (g; q, t)C+ q, t)C°(r, -t"; q, t) 

CJI (<; q, t)C^ (t 2 "- 2 i; t)C°{qf^-\-qt'^-^;q, t) 

By analogy with Proposition 18.41 we would have expected the nonzero values of this integral to differ from 
the nonzero values in Conjecture 13 by only a sign factor. It turns out that these values are (conjecturally) 
attained by another nice integral. 


Conjecture 5. For any integer n > 0, and any dominant weight yn/ ofU(2n), 


J / P^,vixi,...Xn,yi,...yn]q,t) 


{qx,lyj,qyi/xj]q^) 


n 


{xilxj,yilyj\q^) jj- 


dxi 


i<*j<" {qtx^lx^.qty^jyy.q^) ^27rv^a;, 


= 0 


(8.74) 


unless y, = V, when the integral is 


C- (g; q, t)C+it^^-^q- q, t)C°it\ ; q, t) 

CJI (t; q, t)C^{P^-^t; q, t)C°{qt^-\-qp-^-q, t) 


(8.75) 


Remark. Note that the weight function in this case is not of a standard Macdonald or Koornwinder form. The 
associated orthogonal polynomials may be of interest. 


For the spaces 0{2n)/0{n) x 0{n) and Sp{2n)/U{n), we have the following conjecture. Here [2pk/2\ rep¬ 
resents the homomorphism such that P 2 k+i 0, p 2 k this is just the infinite variable analogue of the 

specialization ±.^/x 2 , • • • ± 


Conjecture 6. For any partition 


lK{Kx{[2pk/2\',q, t,T;a,-a, b, -6); P, T; -1, -t, a^ b^) = 0 

unless A is of the form 2y, in which case the integral is 

(-l)I^IC-(g; q^,t)C+ t)C°{T,-a^T/t,-b'^T/t, a'^b'^T/P] q^,t) 

Cft (<; t)C^ {a'^b'^T'^/qP; q^, t)C^^{a'^b‘^T'^/P\ q^,P) 

Similarly, for the spaces 0(4n)/17(2n) and Sp{An)/Sp{2n) x Sp{2n), 

Conjecture 7. For any partition A, 

lK{Kx{[2pk/2]\q, t,T;a,-a, b, -6); P, T ; -t, -qt, , P) = 0 

unless A is of the form p?, in which case the integral is 

(-1)I^IC~ {qt; q, P)C+ {a^PT'^/P-q, P)C°{T, -a^T/t, -PTjt, a^PT/p-, q, P) 
{a'^b'^T^/qP; q, P)Cf: {P\q, P)C^^i {afPT‘^q/P\q^, P) 


(8.76) 


(8.77) 


(8.78) 


(8.79) 
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In these cases, we have no conjectured weight function corresponding to the values with the sign factors 
removed; the problem is that the two Schur cases associated to each integral not only break the BCn symmetry, 
but do so in different ways. 

It turns out that Propositions IT. 1 ll and IT. 12l Droduce integrals associated to orthogonal group Grassmannians. 
For 0(2n)/Cl(I) x 0{2n-l): 

Proposition 8.10. For any partition A, 

lK(Kx{[pk Ft'^^]-,q,t,tT\to,ti,t2,h)]q,t,T\tQt,ti,t2.,h) = 0 (8.80) 

unless £{X) < I, in which case the integral is 

_Ai iTtoti,Ttot2,Ttots, Ttotit2t3/t; q)\-^ 

° {q^^-^THotit2h,T'^totit2h/t-,q)x^ 

Similarly, for 0{2n + 1)/0(1) x 0(2n), 

Proposition 8.11. For any partition A, 

lK{Kx{-,q,t,T]tQt,ti,t2,h)]q,t,T\tQ,ti,t2,h) = 0 
unless £(A) < 1, in which case the integral is 

^Ai {T, Ttit2/t, Ttits/t, Tt2hlt\q)xi 

° {q^^-^THQtit2h/t,THotit2h/t‘^-,q)xi ' 

Less trivially, for the nonidentity component of 0{2n + l)/0(2) x 0{2n — 1), 

Theorem 8.12. For any partition X, 

lK{Kx{[pk + + (-a)'" + a~^ + (-a)”'']; g, t, a, -a, 6, -b);q,t,T;at, -at,b,-b) = 0 (8.84) 

unless £{X) < 2 and |A| is even, in which case the integral is generically nonzero and admits a factorization into 
q-symbols. 

Proof. By two consecutive applications of the quasi-branching rule, the integral evaluates to 
V’a/k (.tT-,q,t,T x/ a^bHlq)fj^^i^ {tT-,q,t,T x/afWJq) 

(8.85) 

This is clearly nonzero unless £(A) < 2, in which case £{k) < 1. The sum turns out to be proportional to a 
terminating very-well-poised sWz, summable by Equation 11.16 of m □ 

Finally, for the nonidentity component of 0{2n + 2)/0{2) x 0{2n), a similar calculation gives 

Theorem 8.13. For any partition X, 

Ik{Kx{', at, —at, b, —6); q,t,T-, a, —a, b, —b) = 0 (8.86) 

unless £{X) < 2 and |A| is even, in which case the integral is generically nonzero, and admits a factorization 
into q-symbols. 



k'^iq, t, tT-,a: — at, b, —b)k^{q, t, t^T ; —a:a, b, —b) 
k^{q, t, tT] —at:a, b, —b) 


(8.81) 


(8.82) 


(8.83) 
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It is likely that there are a number of other “nice” integrals satisfying appropriate vanishing conditions, 
but a more systematic method of construction will likely be needed to find them. It is, however, unclear to 
what extent our existing conjectures can be systematized, especially given the multiple (untwisted) integrals 
associated to U{2n)/U{n) x U{n). 
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